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ABSTRACT

Wireless communication systems transferring broadband data in high mobility
situations encounter fading channels which are both time and frequency selective. In
the noncoherent scenario, the time varying impulse response of the doubly selective
channel (DSC) is not available at both the transmitter and the receiver. In this dis-
sertation, we consider the problem of communications over such noncoherent doubly
selective channels. Our work has two main themes: to find the fundamental limits
on the information rates for reliable communication across noncoherent DSC and to
develop simple and efficient encoding/decoding techniques to achieve the promised
information rates. Towards this end, we consider block transmissions over DSC and
utilize complex-exponential (CE) basis expansion model (BEM) to characterize the
channel variation within a block.

For noncoherent CE-BEM DSC, we characterize the pre-log factor of the con-
strained ergodic channel capacity in the high SNR regime, when the channel inputs
are continuously distributed. Next, we consider the design of pilot aided transmissions
(PAT) for CE-BEM DSC, which embeds known pilot (i.e., training) signals that the
receiver uses to estimate the channel. For a given fixed pilot energy, we derive the nec-
essary and sufficient conditions on the pilot/data pattern to attain minimum mean
squared error (MMSE), uncover time-frequency duality of MMSE-PAT structures
and obtain novel MMSE-PAT patterns. We obtain bounds on the ergodic achievable
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rates of MMSE-PAT schemes and perform high signal to noise ratio (SNR) asymptotic
analysis which suggests that, a multi-carrier MMSE-PAT achieves higher rates than
a single-carrier MMSE-PAT when the channel’s delay spread dominates its Doppler
spread, and vice versa. We also establish that the pre-log factor of the ergodic rates
of all the MMSE-PAT patterns are strictly less than that of the constrained channel
capacity, for strictly doubly selective channels. We also design spectrally efficient
PAT schemes whose asymptotic achievable rates have the same pre-log factor as that
of the constrained channel capacity. Our results show that there are fundamental dif-
ferences between singly selective and doubly selective channels and provide insights
on how the DSC’s delay spread and Doppler spread influence the constrained channel
capacity and the PAT design.

We extend the MMSE-PAT design to multi-input multi-output (MIMO) CE-BEM
DSC. We establish that the spectral efficiency of MIMO-MMSE-PAT does not nec-
essarily increase even if the number of transmit and receive antennas are increased
simultaneously. We also present the optimal number of active antennas which maxi-

mizes the spectral efficiency.
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CHAPTER 1

INTRODUCTION

Transferring information reliably across a noisy channel is the fundamental prob-
lem in communication theory. Shannon’s seminal paper [1] showed that (almost)
error-free digital communication systems can be designed even across a noisy channel.
Key components in a digital communication system [2] are illustrated in Fig. 1.1. At
the transmitter, an encoder maps the information bits into a “suitable” signal which
is transmitted across the communication medium. The communication medium, com-
monly referred as the channel, usually distorts the signal based on its propagation
characteristics. The receiver observes the distorted version of the transmit signal and
decodes the information bits. Because of the distortion introduced by channel, there
is a possibility of decoding error, in which case, the decoded bits do not coincide with
the information bits the transmitter intended to transfer. For reliable communication,
one would like to keep the probability of decoding error very small. Two important

questions in designing a communication system are:
1. What is the maximum rate of information that can be reliably communicated?

2. How to design the encoder and decoder so that the information can be reliably

transferred?



Transmitter : Communication Medium : Receiver

Information
bits

distorted
signal

transmit
signal

Decoded bits

Figure 1.1: A digital communication system.

The answers to these questions depend heavily on the nature of the channel.
Intuitively speaking, if the distortion introduced by the channel is very high, then the
reliable information rate will be correspondingly less. Shannon introduced many new
concepts and tools to study the communication problem [1] and found answers to the
above questions for a class of memoryless channels. Since then, several researchers
have analyzed various other channels using the tools from Shannon’s original paper.
The maximum information rate which can be reliably communicated with arbitrarily

small decoding error across a channel is usually referred as its capacity.

1.1 Doubly Selective Channels

The rapidly evolving global information structure includes broadband wireless
communication as a key component. In wireless communications (for e.g., cell-phones,
satellite communication), the information bearing signal is transmitted across free
space. Two principal factors which influence the distortion of the signal transmit-

ted across the wireless (free space) medium are multipath fading and mobility [3],



as illustrated in Fig. 1.2 . Multipath is the phenomenon in which the transmit-
ted signal arrives at the receiver via multiple propagation paths at different delays.
Because of the multipath fading, the multiple signals arriving at the receiver may
add constructively or destructively at the receiver resulting in wide variations in the
signal strength. Mobility is the phenomenon in which the relative positions of the
different objects in the environment including the transmitter and th receiver change
with time, causing the nature of channel distortion to vary with time. Future wireless
links are expected to provide high data rate transfer of multimedia services in high

mobility situations.

Figure 1.2: Mobility and multipath in wireless channel.

IThis figure is courtesy of Prof. Y. Liu.



In digital communication systems, for most of the channels, the discrete informa-
tion bearing symbols are modulated (multiplied, in a sense) with a continuous pulse
shape and transmitted across the channel [2]. In most cases, the pulse shapes are lo-
calized in time and frequency so that transmission of each discrete symbol consumes a
small tile in the time-frequency plane. Across wireless channels, when the multipath
delay spread is comparable to the symbol duration, the signal encounters severe inter-
symbol interference and the channel’s response becomes frequency-selective. The rate
of variation of the channel response across time, due to mobility in the environment,
is characterized by the Doppler spread. If the channel response varies significantly in
the signaling duration, it becomes time-selective. Channels whose response are both
time and frequency selective are commonly referred as doubly-selective channels.

Doubly selective channels are typically modeled as linear time varying filters. The
received sequence y[n] (after match filtering and sampling) is related to the transmit

sequence z[n| (in the complex baseband) by

yln] = hln; lzln — 1] + v[n], (1.1)

where h[n;l] denotes the channel’s impulse response at time instant n and wv[n| is
additive noise term. The impulse response coefficients h[n; (| are typically modeled

as samples of a random process.

1.2 Motivation

When the channel’s fading coefficients h[n;[] are known apriori at the receiver, it
is referred as coherent scenario. But, in most of the practical scenarios, the channel
fading coefficients are not known apriori at the receiver. This situation is commonly
referred as noncoherent case. In wireless communications, several coherent coding
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and decoding techniques have been developed to combat fading for the case when the
receiver and/or transmitter know these fading coefficients [3,4]. In the noncoherent
case, it is common to employ pilot aided transmission (PAT), whereby the transmitter
embeds known pilot (i.e., training) signals which the receiver can use to estimate the
channel. The estimated channel coefficients can then be used along with coherent de-
coding techniques. Cavers [5] authored one of the first analytical studies of PAT. Since
then, there has been a growing interest in PAT design. [6] provides comprehensive
overview of PAT design problems addressed in the literature. The achievable rates of
the PAT schemes are in general less than the channel capacity, since the power and
bandwidth spent in the transmission of training signals compromises the power and
bandwidth available for transmitting the information bearing symbols. Achievable
rates of a scheme usually refers to the rates which can be reliably communicated if
one employs that particular encoding/decoding scheme. Using information-theoretic
tools, some authors have worked on quantifying the achievable rates of PAT schemes
for certain fading models, for e.g., [7].

In this dissertation, we consider the problem of communications over noncoherent
doubly selective channels (DSC). One motivation to study DSC is that future wireless
systems transferring broadband data in high mobility situations encounter fading
channels which are both time selective and frequency selective. There are not many
studies in the literature on DSC although there exist many studies about the special
cases of DSC such as flat fading, time or frequency selective channels. Another
motivation to analyze DSC is that the results obtained can be easily applied to the
special cases of DSC. First, we find the fundamental limits on the information rates for

reliable communication across noncoherent DSC. Next, we develop simple and efficient



encoding/decoding techniques to achieve the promised information rates. Since pilot
aided transmissions are simple and widely used in the noncoherent scenarios, we focus

on the PAT design for DSC.

1.3 Contributions and Outline

In Chapter 2, we present our single-input single-output (SISO) block transmis-
sion model and derive complex-exponential (CE) basis expansion model (BEM) to
characterize the channel variation withing a block, which is reasonably accurate and
tractable in the design and analysis of communication systems. We also present the
statement of problems addressed in the dissertation.

In Chapter 3, we characterize the pre-log factor of the constrained ergodic channel
capacity of CE-BEM DSC in the high signal to noise ratio (SNR) regime, when the
channel inputs are continuously distributed. We also present numerical results on the
rates achieved by i.i.d. Gaussian codes.

In Chapter 4, we design PAT schemes for CE-BEM DSC based on mean squared
error (MSE) criterion. Deriving the necessary and sufficient conditions on the pi-
lot /data pattern to attain minimal MSE (MMSE) for a given pilot energy, we uncover
time-frequency duality of MMSE-PAT structures and obtain novel MMSE-PAT pat-
terns. We obtain bounds on the ergodic achievable rates of MMSE-PAT schemes and
perform high-SNR asymptotic analysis which suggests that, the channel’s spreading
parameters should be taken into account when choosing among MMSE-PAT schemes.
Specifically, we establish that a multi-carrier MMSE-PAT achieves higher rates than
a single-carrier MMSE-PAT when the channel’s delay spread dominates its Doppler

spread, and vice versa.



In Chapter 5 we consider the design of PAT schemes whose asymptotic achievable
rates have the same pre-log factor as that of constrained channel capacity. Referring
these PAT schemes as spectrally efficient (SE) PAT, we present their design conditions
and a novel pattern. Further analyzing the structure of MMSE-PAT schemes, we also
establish that they are spectrally inefficient over strictly doubly selective channels. We
also present numerical comparison of the rates achieved by SE-PAT and MMSE-PAT
schemes.

In Chapter 6, we extend the MMSE-PAT design to multi-input multi-output
(MIMO) CE-BEM DSC. We establish that the spectral efficiency of MIMO-MMSE-
PAT does not necessarily increase even if the number of transmit and receive antennas
are increased simultaneously. We also present the optimal number of active antennas
which maximizes the spectral efficiency.

In Chapter 7, we conclude by summarizing our original work and indicating future
research possibilities.

In order to enhance the flow of the dissertation, detailed mathematical derivations

and proofs are deferred to appendices.

Notation

Matrices (column vectors) are denoted by upper-case (lower-case) bold-face let-
ters. Hermitian is denoted by (-)", transpose by ()7, and conjugate by (-)*. The
determinant and Frobenius norm are denoted by det(-) and || - ||, respectively. The
expectation, trace, delta, Kronecker product, modulo-N and integer ceiling opera-
tions are denoted by E{-}, tr{-}, 6{-}, ®, (-)nx and [-], respectively. The null space

and column space of a matrix are denoted by null(-) and col(-), respectively, and the



dimension of a vector space is denoted by dim(-). The operation |-, ,, extracts the
(n,m)™ element of a matrix, where the row/column indices n, m begin with 0, while
diag(-) denotes a diagonal matrix constructed from the vector-valued argument. The
N x N unitary discrete Fourier transform (DFT) and identity matrices are denoted
by F'n and Iy, respectively, and appropriately dimensioned identity and all-zero ma-
trices are denoted by I and 0, respectively. The union, intersection, and set-minus
operators are denoted by U, N, and \, respectively, while the empty set is denoted
by . I(;) and h(-) denote mutual information and differential entropy respectively.
Finally, the sets of integers, reals, positive reals, and complex numbers are denoted

by Z, R, R*, and C, respectively.



AWGN
BEM
CE

CP

CSI
CWGN
DFT
DOF
DSC
FDKD
ii.d.
LMMSE
MIMO
MMSE
MSE
OFDM
PAT
SCM
SCP
SE
SISO
SNR
SSC
SZp
TDKD
7P

Additive White Gaussian Noise

Basis Expansion Model

Complex Exponential

Cyclic Prefix

Channel State Information

Circular White Gaussian Noise
Discrete Fourier Transform

Degrees of Freedom

Doubly Selective Channels

Frequency Domain Kronecker Delta
independent and identically distributed
Linear Minimum Mean Squared Error
Multi Input Multi Output

Minimum Mean Squared Error

Mean Squared Error

Orthogonal Frequency Division Multiplexing
Pilot Aided Transmissions

Single Carrier Modulation

Streaming Cyclic Prefix

Spectrally Efficient

Single Input Single Output

Signal to Noise Ratio

Singly Selective Channels

Streaming Zero Prefix

Time Domain Kronecker Delta

Zero Prefix

Table 1.1: List of abbreviations.



CHAPTER 2

SYSTEM MODEL & PROBLEM STATEMENT

In this chapter, we present our doubly selective channel model and PAT system
model for single antenna systems, which provide the mathematical setup for our anal-
ysis in Chapters 3-5. We also present detailed discussions on the problems addressed

in our work and their relations to the previous work in the literature.

2.1 Doubly Selective Channel Model

Starting with a continuous time fading channel model, using pulse shaping tech-
niques we obtain a discrete time baseband equivalent doubly selective channel model.
Using basis expansion model, we approximate the time variation of the channel and
analyze its accuracy.

Consider a baseband-equivalent wireless multipath channel which can be modeled

as a linear time-variant distortion plus an additive noise [8]:

y(t) = /h(t; T)x(t — 7)dT + v(t). (2.1)

Say that, over the small time period Zg,., the path lengths vary by at most a few
wavelengths, so that path gains and delays can be assumed to remain constant. Over

this small time period, it is reasonable to model h(¢; T) a stationary random process

10



for which
E{h(t7 T>h* (t - to; T = To)} = Rlag;delay(to; 7—)5(7—0)- (22)

Property (2.2) is commonly known as wide-sense stationary uncorrelated scattering

2]. If we define

RDopp;deIay(.f; 7_) = /Rlag;delay(t; 7)6_j2ﬂﬁdta (23)

then the practical assumptions of finite path-length differences and finite rates of

path-length variation imply that

. ~ f ¢ [_BDOPP’BDOPP]
RDopP:deIaY(fuT) ~ O fOl" { T ¢ [Oalz::lelay] (24)

In other words, the channel has a causal delay spread of Zgeay seconds and a single-
sided Doppler spread of Bpepy Hz. From Rpeppdeiay(f:7), one can define the delay
power profile Pyejay(T) = | Rpoppidelay(f; 7)df and the Doppler power profile Ppopy(f) =
| Rpopp:delay ([ 7)dT.

We consider a communication system in which the information bearing discrete

symbols are parsed into transmission blocks of length N. For each transmission block,

N-1
n=0"

the baseband-equivalent modulation of the discrete symbols of that block {z[n]
is accomplished by z(t) = >, z[n]y(t — nT;), where 7 is the sampling interval in

seconds and where () is a unit-energy pulse that is (approximately) zero-valued

L _ T,

outside the time interval [—%, —) seconds and the frequency interval [— Hz.

11
% %)
We assume that the block transmission duration 7y, &~ N7, is less than the small

scale fading duration Zg,,;. Baseband-equivalent demodulation is accomplished by

generating the received samples y[n] = [ y(t)y*(t — n7;)dt for n C Z.

11



The relationship between the discrete-time transmitted and received sequences is

ylnl = Y hinilaln — 1] + v[n, (2.5)

where it is straightforward to show that v[n] = [v(¢)y*(t — nZ;)dt and

hin;l] = //@D*(t)h(t + nT; T+ 1T)Y(t — 7)dtdr. (2.6)

The time support of ¥ () implies that hln;[] is a locally-averaged version of h(t;7)
around the point (¢;7) = (n7Zg; (7). Furthermore, it is shown in Appendix A.1 that,
when Rjag.delay (fo; 7) varies slowly with respect to ¢, and 7 variations on the order of

7T, seconds, then
E{h[n;[h*[n —pil —ql} =~ Riagaetay (07 15) 0[q]Cly, (2.7)

where Cy = [| [¢(¢)y*(t — 7)dt|*dr. In this case, the finite delay-spread of R(t,, T)
implies that h[n;l] ~ 0 for I ¢ [0,..., Ngelay — 1], Where Nyelay = Zgelay/Zs. If the
discrete delay spread of the channel Ngeay > 1, then the channel outputs {y[n] évde'ay_l
depend on the past transmitted symbols {x[n]}:}vdelay +1- To keep the block fading
model more general, we allow these symbols to be arbitrary including the possibility
of being zero.

Now, we obtain the basis expansion approximation. For one block fading duration,
the channel response is characterized by the channel coefficients h[n; 1], n € {0, ..., N—

1}, 1 €40, ..., Ngelay — 1}. These channel coefficients can be parameterized using the

basis expansion

Alk; []ed % ¥, (2.8)



where it is shown in Appendix A.2 that

E{AK X[k = pil = q]}

. / 2
~  Cydlgld[p] / Rooppidetay (' + 773 1 T:) (%) af'  (2.9)

Y22 06410 [p] Rooppidelay (173 175). (2.10)

The approximation in (2.9) follows from the use of (2.7). Note that, under the
mild assumptions of (2.9), the basis coefficients are uncorrelated over both indices.
Note furthermore that, under the additional assumption of large N, A[k;l] ~ 0
for k ¢ {—|BooppZsV|, ..., [BooppZsN|} as a consequence of the limited support
of Rpoppidelay(f;+). In this case, it suffices to parameterize the channel (over the block

interval) as
Bnl] ~ —— (ND(fM Alk: [ % (2.11)
| VN k=—(Npopp—1)/2 | | |
where Npopp = 2| Bpopp ZsV | +1 and where {A[k; []} are uncorrelated coefficients whose
variances are assigned by uniformly sampling Rpopp;delay (f; 7). We refer Npopp as the

discrete Doppler spread of the channel and the “normalized” product

NdelayNDopp

= == PP 2.12
7 N Y ( )

as the channel’s spreading index. Our derivation of the complex-exponential basis
expansion model (CE-BEM) resembles that of [9] for time-selective channels. But
with mild restrictions on Rjag.delay(to; 7), We are able to establish that BEM coefficients
are uncorrelated.

The CE-BEM (2.11) has been widely used to model time-varying communication
channels (e.g., [9-13]) and can be interpreted as an Npepp-term truncated Fourier-
series approximation of each of the N,y coefficient trajectories {h[0;1],..., h[N —
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1;1] lN:dS'ay_l. The application of truncated Fourier series can be motivated by the
bandlimited nature of coefficient trajectories that results from finite mobile velocities.
Specifically, path lengths which vary by at most vy, meters per second imply a
maximum single-sided Doppler spread of Bpopp = 2Umaxfe/c Hz, where f. denotes
the carrier frequency [10] and where ¢ denotes the speed of light. Since the use of
Nboopp = 2[BpoppZsV| + 1 terms in the Fourier series yields a reasonably accurate
approximation to each trajectory, we assume this value of Npep, throughout. We
allow CE-BEM coefficients with possibly unequal variances in order to model arbitrary
delay profiles and Doppler spectra.

We emphasize that, like all models, this CE-BEM approzimates the DSC; it does
not yield a “perfect” description. Alternative BEMs have been proposed that, in
some cases, yield “better” approximations (e.g., the polynomial [14], Slepian [15], and
oversampled-CE [16] BEMs). We adopt the CE-BEM (2.11) because it is reasonably
accurate and yields a tractable analysis with insightful results.

We restrict our focus to channels for which v < 1, known as “underspread” chan-
nels [17], so that NgelayNpopp, the number of independent channel parameters per
block, is less than the block length N. The underspread assumption is standard for

radio-frequency channels [3] and for most underwater acoustic channels [18].

2.1.1 Block Fading Model

Now, we summarize our discrete doubly selective block fading model. The channel

output is given by

]vdelay_1

ylnl = p Y hnllzln— 1] +v[n]n € {0,.., N -1}, (2.13)
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where v[n| is assumed to be circular white Gaussian noise of unit variance, z[n| is the

discrete channel inputs with power constraint

N-1

! Bl 3 Py < 1, (2.14)

N + N, -1
_I_ delay i:_NdeIay'l'l

and p denotes the SNR level. The channel coefficients in the block {h[n;l], n €

{0,..,.N —1}, 1 € {0,..., Ngelay — 1}} obey the BEM (2.11). We assume that the

basis expansion coefficients {A[k;(], k € {—ND"SP_I,..., ND°5”_1}, I € {0,..., Ndelay —
1}} are zero-mean, Gaussian and uncorrelated with positive variance. We need to
address the issue of how to model the channel variation from block to block. We
assume independent and identical fading across blocks. This independent fading can
be justified for certain time-division or frequency-hopping systems in which the blocks
are separated sufficiently across time or frequency to undergo independent fading. We
can also obtain independent fading by interleaving the transmission blocks.

Now, we obtain the vector representation of our doubly selective channel model.
Collecting the output, input and noise samples in the vector form, y = [y[0], ..., y[N —
17, v = [[0],...,v[N = 1]]" and & = [2[—Ngetay + 1], ..., z[N — 1]]7, we obtain the

following vector representation of the block fading model,

y = pHzx+wv, (2.15)

where H € CN*(N+Newoy—=1) ig given element-wise as [H],, = h[p;p + Naelay — 1 — ]
with the notation that h[n;{] = 0 VI > Ngelay. The structure of matrix H is given

below.

h[O; _Ndelay + 1] cee h[O, 0]
h[l; _Ndelay + 1] ce h[l, 0]

h[N —1; —Ngeay + 1] -+ R[N —1;0]
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Now, we define the diagonal matrix

X, = ) (2.16)
zli + N —1]

and
X = (Xo X_; - X—Nde|ay+1)- (2.17)

Collecting the channel coefficients of the block h[n;l], n € {0,...N — 1}, | €
{0, .., Naeay — 1} in a vector b = [hq ..., by, |7, with by = [h[0; 1], ..., [N = 1;]]T,

(2.15) can also be written as
y=pXh+v. (2.18)

Sometimes, in our analysis, we find it convenient to use (2.18). Also, defining A; =

[A[—%;l], ,,.,/\[%;l]]ﬂ A =[], ...,)\}delay_l]T, we have
h = U (2.19)

where U = Iy, ® F with F € CN*Noew given element-wise as

— ]_ - 27
Flom = eI n(m=(Noopp—1)/2) (2.20)
’ VN

From our assumptions on BEM coefficients, we have Ry = E{AA"} is diagonal
and positive definite. We consider an energy preserving channel which satisfies
tr{R,\} = N. Clearly, (2.19) gives Karhunen-Loeve expansion for the channel vec-
tor h. Combining (2.18) and (2.19), we have another representation of input-output

equation
y = /pXUX+w, (2.21)

which will also be frequently used in our analysis.
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2.2 Characterization of Asymptotic Channel Capacity

Recently, many researchers have been working on problems related to characteri-
zation of the capacity of wireless multipath channels under the practical assumption
that neither the transmitter nor the receiver has channel state information (CSI).
The problem becomes especially interesting in the high SNR regime, where the im-
pact of channel uncertainty on communication performance is most pronounced. The
high-SNR capacity of the noncoherent MIMO Gaussian flat-fading channel was char-
acterized by Marzetta and Hochwald [19] and Zheng and Tse [7] using the block-fading
approximation, whereby the channel coefficients are assumed to remain constant over
a block of N symbols and change independently from block to block. Later, Vikalo et
al. [20] characterized the high-SNR capacity of the noncoherent Gaussian frequency-
selective block-fading SISO channel under the assumption that the discrete block
length N exceeds the discrete channel delay spread Ngeay. Liang and Veeravalli [9]
characterized the high-SNR capacity of SISO Gaussian time-selective block-fading
channel, where, within the block, the channel coefficients vary according to a finite-
term Fourier series with Npep, < N expansion coefficients with full rank covariance
matrix, but change independently from block to block. For these flat, frequency-
selective, and time-selective noncoherent block-fading Gaussian channels, the afore-
mentioned works have shown that the capacity C(p) obeys lim, .., C(p)/log(p) = 7,
where the prelog factor n decreases with the degree of channel uncertainty. For exam-

_Ndelay

ple, n = % in the SISO flat-fading case, n = NT in the SISO frequency-selective
case,? n = % in the SISO time-selective case.

2 Assuming uncorrelated inter-symbol interference coefficients.
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Many authors have studied the capacity of noncoherent fading channels [21-27]
in the low-SNR regime. In most fading scenarios, it has been established that the
noncoherent capacity obeys lim, .o C(p)/p = 1. Interestingly, the above result holds
for both additive white noise (AWGN) channel capacity and coherent fading channel
capacity. So, there is no significant penalty in the noncoherent channel capacity in the
low-SNR regime. However, the signal achieving noncoherent capacity is very “peaky”
[22,24-27]. In general, the behavior of the channel capacity and optimal signaling
techniques in high-SNR regime and low-SNR regime are very different [3,7,9,22,23].

In our work, we consider the problem of characterizing the high-SNR capacity of
underspread SISO doubly selective block fading channel described in Section 2.1.1,
which uses a finite-length impulse response whose Ngeay Gaussian coefficients vary
according to a Npepp-term Fourier series within the block but change independently
from block to block. We show that the prelog factor of the constrained asymptotic

N—Nyaay N ) . )
——2—=*_ Detailed discussion on the

channel capacity with continuous inputs is
results on the asymptotic channel capacity is given in Chapter 3.

Our work relies on the block-fading assumption, which can be justified in sys-
tems that employ block-interleaving or frequency-hopping. Other investigations have
circumvented the block-fading assumption through the use of time-selective channel
models whose coefficients vary from symbol to symbol in a stationary manner. For
these stationary models, it is necessary to make a distinction between non-regular
(e.g., bandlimited) fading processes and regular (e.g., Gauss-Markov) fading pro-

cesses; while non-regular fading channels have been shown to behave similarly to time-

selective block-fading channels, regular fading channels behave quite differently [28].
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Though similar results are expected for doubly-selective stationary channel models,

the details lie outside the scope of our work.

2.3 Pilot Aided Transmission Model

In this section, we give the details on the encoding and decoding techniques em-
ployed in PAT schemes analyzed in our work. Since one of the main advantages of
PAT schemes is the utilization of communication techniques developed for coherent
channels; we consider Gaussian codes and minimum distance decoding. The mathe-

matical details are given below.
2.3.1 PAT Encoder

We describe the general form of the encoder of the PAT schemes studied in our
work. Regarding the prefix portion, we restrict ourselves to cyclic-prefixed (CP) or

zero-prefixed (ZP) block transmissions so that,

0 7P
(2.22)

([~ Naotay + 1], -yt =1]] = {[x[N—Ndemerl]w-ax[N_1“ CP.

Since for both the CP and ZP schemes, the vector = [z[0], ..., z[N —1]]" determines
completely the entire transmit vector @&, we focus our attention on the structure of

. The input-vector & is generated as
r = p+d, (2.23)

where p is a deterministic pilot vector and d is zero-mean data. The data vector

d = [d[0],...,d[N —1]]" is constructed via linear precoding as

d = Bs, (2.24)
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where s = [s[0],...,s[N, — 1]]" is the information-bearing symbol vector and B €
CN*Ns is an arbitrary full-rank precoding matrix. Thus, our transmission strategy

coincides with the general case of affine precoding [29], i.e.,
& = p+ Bs. (2.25)

We refer to N, = rank(B) as the “data dimension” of the PAT scheme. Our generic
transmission model allows us to analyze PAT for many modulation schemes under a
common framework. Notice that, for single carrier modulation (SCM) and orthogonal
frequency division multiplexing (OFDM) systems, the columns of B are chosen from
those of Iy and F'y, respectively. Defining E, = ||p||* and E,; = E{||d||*}, we require
that £, > 0, Eq > 0, and the total energy Eiox = E, + E4 < N. Denoting the CP or

ZP mapper by M € CWV+Naeay=1)xN 5 that
x = Mz, (2.26)
the DSC output (2.15) for the PAT model can be written as
y = \/ﬁﬂ{p+Bs} + v, (2.27)
where we have
H = HM. (2.28)

Constructing the transmit matrix X in the same manner as in (2.18), the pilot and
data components in X are given by P = E{X} and D = X — P. Using (2.19), it

follows that

y = /pPUX + \/pDUX +v. (2.29)
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Since A captures all the degrees of randomness in h, estimating A is equivalent to
estimating h. We use the equation (2.29) in deriving the channel estimator and in

the design of pilot/data patterns.
2.3.2 PAT Decoder

Our PAT decoder has two parts; a channel estimator part followed by a data
detector part. The channel estimator obtains the linear MMSE (LMMSE) estimate
of h from the observation y, using the knowledge of p and the second order statistics
of h, v and s. Specifically, denoting R, = E{yy"} and R, = E{yh"}, the channel

estimate is obtained as
h = R R'y. (2.30)

Let H denote the matrix constructed from h in the same manner as H. The
data detector is a “mismatched” weighted minimum distance decoder which treats
the channel estimate H as though it is the true channel [30]. Specifically, 5 =
argmin||Q{y — \/ﬁﬂ (p+ Bs)}||. The choice of the weighting matrix @ is arbitrary,
at the moment. Our PAT decoder has a simple structure compared to a decoder which
does channel estimation and data detection jointly. Also, note that the weighted mini-
mum distance decoder is the maximum-likelihood decoder for coherent Gaussian noise
channels [2].

To achieve arbitrarily small probability of decoding error over block fading DSC,
the information has to be encoded into long codewords which span multiple blocks.
Let S denote the codebook with each of its codeword s spanning K blocks. So, we

[T

have s = [T, ... sK-1T]

T where s € CNs*! corresponds to the k™ “segment” of
the codeword s transmitted during the k™ block. For coding over multiple blocks,
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the data detector is modified as

1
k 2 g4l k
1Q{y"™ — /pH " (p + Bs")}|?, (2.31)
0

MN

[V}

= argming.g

B
Il

where y*! and " denotes the observations and the estimated channel matrix of the
k" block. We consider the codebook generated according to Gaussian distribution
such that each codeword and its segments are generated independently with the
covariance of the each segment being R,. Without loss of generality, we assume R is
full rank.® Note that the Gaussian codes are capacity optimal for coherent Gaussian
noise channels [33]. The information rate in bits per channel-use of the PAT scheme
is given by R = % log|S|, where |S| denotes the size of the codebook. The rate R
is said to be achievable if the probability of detection error, i.e., P, = Pr(8 # s) is

arbitrarily small.

2.4 PAT Design

The structure of the PAT scheme is governed mainly by the pilot vector p and the
data modulation matrix B. We are interested in the joint design of (p, B) pair which
meets some requirements. The criteria we will use are minimal channel estimation
error variance and maximal pre-log factor of the asymptotic achievable rates.

Minimizing mean squared error is a popular PAT design criterion and many au-
thors have studied it for different types of channels. For frequency selective channels,
MMSE PAT schemes were obtained in [34-36] for OFDM systems. For time se-
lective channels, MMSE-PAT schemes were obtained in [37] for SCM systems. For

3Noting that Gaussian codes are completely characterized by their covariance, it can be easily
seen that, for a given B and R, we can always choose a full rank B and Gaussian vector § with
positive definite covariance R, so that the modulated data vectors d = Bs and d = B3 have the
same covariance.
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slowly time-varying frequency-selective channels, MMSE-PAT design for OFDM was
discussed in [38,39] and [40] for single-antenna and multiple-antenna systems, respec-
tively.

Since the bandwidth and power consumed by pilot symbols compromise the band-
width and power available for information-bearing data symbols, PAT schemes may
suffer a loss of information rate relative to noncoherent communication schemes that
do not explicitly transmit pilots. To address this issue, several authors have studied
the PAT design problem using information-theoretic tools (e.g., [13,20,41-44]). For
example, [13,20,41-43] optimized the location, power, and number of pilot symbols
by maximizing a lower bound on ergodic channel capacity, and, in doing so, uncovered
connections between MSE minimization and achievable-rate maximization. In fact,
for some channel models, MMSE-PAT and capacity-bound-maximizing PAT schemes
coincide [13,20,41-43]. Furthermore, in the high signal-to-noise ratio regime, some
of these MMSE-PAT schemes are first-order capacity-optimal, i.e., their achievable
rates exhibit the same growth-rate (versus SNR) as the noncoherent channel’s capac-
ity [7,9,20,41].

We consider the PAT design problem for DSC. For singly (time or frequency)
selective channels (SSC), the channel matrix H can be diagonalized with determin-
istic eigen vectors. For time selective channels, the standard basis vectors are the
eigen vectors and for frequency selective channels, the complex exponential functions
(columns of discrete Fourier transform matrix) are the eigen vectors. But, for DSC,
there are no deterministic eigen vectors for the channel matrix H. This poses inter-
esting challenges in the PAT design problem and shows the fundamental differences

between SSC and DSC.
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Motivated by the information-theoretic optimality of MMSE-PAT schemes for
certain flat and frequency-selective channels [7,20,41], we start with the the design
and analysis of MMSE-PAT schemes for the CE-BEM DSC. While most studies on
MMSE-PAT [34,36,37,40] and achievable-rate-maximizing PAT [13,20,41-43,45] as-
sume a specific modulation scheme (e.g., OFDM or SCM), our study applies to the
general class of cyclic-prefixed affine precoding [29] schemes. Affine precoding sub-
sumes all schemes which transmit the sum of an energy-constrained pilot vector and
a linearly precoded data vector, where the choice of the precoding matrix is arbitrary.
For this setting, we derive necessary and sufficient conditions on the combination
of pilot vector and precoding matrix that yield MMSE channel estimates. These
conditions reveal the fundamental structure of all PAT schemes (i.e., irrespective of
modulation format) that are MMSE for this DSC, paving the way for the design of
novel MMSE-PAT schemes. Using these conditions, we then analyze the achievable
rate of generic MMSE-PAT transmission and propose pilot/data power-allocation
guidelines for it. The ergodic achievable rate is further analyzed in the high-SNR
regime, and the spectral efficiency of systems which transmit a stream of MMSE-
PAT blocks are characterized. This latter analysis provides insight into the roles of
delay- and Doppler-spread on MMSE-PAT performance. In [13,43], the authors inves-
tigated DSC PAT design for SCM with the goal of maximizing achievable rate. Due to
connections between achievable-rate maximization and MSE-minimization, the PAT
schemes proposed in [13,43] turn out to be MMSE. However, as a consequence of
our more general affine-precoding framework, we are able to show that the MMSE-
PAT scheme obtained in [13] is but one of many MMSE-PAT schemes possible for

the DSC. Furthermore, our achievable-rate analysis provides a means of comparing
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among these different MMSE-PAT schemes and establishes that a particular multi-
carrier MMSE-PAT scheme achieves higher rates than the single-carrier MMSE-PAT
scheme from [13] when the DSC’s discrete delay spread dominates its discrete Doppler
spread. Numerical examples are also presented to illustrate the theoretical results.

Next, we consider the PAT design based on maximal pre-log factor of asymptotic
achievable rates. We refer such PAT schemes as spectrally efficient PAT. While previ-
ous studies on the MMSE-PAT schemes established that they are spectrally efficient
for the flat [7,41], frequency-selective [20] and time-selective [9,46-48] block fading
channels, we establish that all the MMSE-PAT schemes of block-fading (strictly) dou-
bly selective channels are spectrally inefficient [49]. We also provide guidelines for
the design of spectrally efficient PAT schemes and obtain a novel spectrally efficient
(non-MMSE) PAT scheme. We also present numerical and theoretical comparison of
SE-PAT and MMSE-PAT schemes in the moderate SNR regime.

Our analysis of achievable rates of PAT schemes is limited to the high-SNR regime.
As mentioned before, capacity optimal signaling techniques in the high-SNR regime
are fundamentally different from those of low-SNR regime [3]. The work [50] provides

insights on the PAT design for block-fading channels in the low-SNR regime.
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CHAPTER 3

ASYMPTOTIC CHANNEL CAPACITY

3.1 Pre-log Factor

Recall that the input-output relation for a single block of doubly-selective block

fading channel is

y = pHzx + v, (3.1)

and the channel coefficients obey BEM (2.19). We study the ergodic capacity per-

channel-use of the doubly selective block fading channel, which is expressed as [51]

1
C = sup —I(y; ), (3.2)
@:E{|@]|2} < N+ Noelay—1

where I(y; ) is the mutual information between random vectors y and @ and the
supremum is taken over all the input random vectors satisfying the power constraint.
The mutual information in (3.2) is obtained by averaging over all the channel real-
izations and all the rates below the ergodic capacity can be achieved by coding over
large number of block fading intervals [33].

We denote the pre-log factor in the high-SNR expression for the channel capacity

by 7. Precisely, we have

n = lim @ (3.3)
p—oo log p
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For Rayleigh-fading SISO channels (flat, frequency-selective, or time-selective), in
the coherent case, i.e., perfect receiver CSI, the pre-log factor n is unity. But in the
noncoherent case, the pre-log factor is generally less than unity. The loss in pre-log
factor has been shown to be proportional to the channel’s discrete delay spread Ngelay
and discrete Doppler spread Npopp for frequency-selective and time-selective channels,
respectively [9,20]. For the doubly selective block fading model, the ergodic coherent
capacity, i.e., when the channel fading matrix H is available at the receiver, is given
by [33]

1
Ceon(p) = sup E{logdet[Iy + pHR,H"]} (3.4)

N R,>0,tr{Ra} <N+ Nygiay— 1

where R, = E{zx"} and the expectation in (3.4) is taken over the random matrix

H. 1t easily follows that

1 1
v E{logdet[ITy + pHH"]} < Cen < v E{logdet[Iy + p(N + Nyeay — 1) HH"]}

(3.5)

and since H H" is full rank (almost surely) with continuously distributed eigen values,

we have

lim S _
p—oo logp

So, the pre-log factor n of coherent DSC is unity. Now, we establish that, for the
constrained capacity of noncoherent DSC with continuous random vector inputs, the

%. So, the “loss” in pre-log factor is equal to the

pre-log factor is equal to 1 —
channel’s spreading index ¥ = NpoppNdelay/N. To prove the result, first we obtain
an upper bound on the pre-log factor of the mutual information between the input
(with continuous distribution) and output of the block fading DSC in Theorem 1 and
establish the achievability of the bound in Lemma 1.
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Theorem 1 (Pre-log Factor). For the block fading CE-BEM DSC, any sequence
of continuous random input vectors {x*} indexed by SNR p, satisfying the power
constraint E{||z||*} < N + Ngelay — 1, and converging in distribution to a continuous

random vector x>, yields

~l(y; x) N — Npopp Ndel
limsup ¥~"—2 < i 3.6
p—oo  logp N (3.6)
Proof of Theorem 1 appears in Appendix B.1. The following lemma specifies a

fixed input distribution which achieves equality in (3.6).

Lemma 1 (Achievability). For the block fading CE-BEM DSC, i.i.d. inputs chosen

from the zero-mean circular Gaussian distribution, i.e.,  ~ CN(0, I), yield

lim %I(va) _ N_NDopdeelay
p—oo  logp N '

(3.7)

See Appendix B.2 for proof of the above Lemma.

Since v & 2Bpopp Zdelay, larger v implies more time-frequency channel dispersion.
Our result, which shows that channel dispersion limits the pre-log factor, is intuitively
satisfying. For relatively small v, the pre-log factor will be close to unity, i.e., that
of the coherent case. A channel with small v could be interpreted as one with few
unknown parameters, and thus one which does not demand much training overhead.
It has been established in [52] that, for overspread channels (i.e., v > 1), the capacity
grows only double logarithmically with SNR so that the pre-log factor is 0. The effect
of the spreading index on the pre-log factor of the constrained capacity is illustrated
in Fig. 3.1. The pre-log factor of the constrained capacity of block-fading DSC with
continuous inputs coincides with the pre-log factor of the capacity its special cases:
block fading - flat channels (i.e., Ngelay = 1, Npopp = 1) [7,19], time selective channels
(i.e., Ngelay = 1) [9], frequency selective channels (i.e., Npopp = 1) [20].

28



A Coherent Case
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Figure 3.1: Effect of spreading index on the constrained channel capacity.

The loss in pre-log factor of noncoherent channel capacity can be intuitively seen
as follows. The mutual information is expressed as [(y; ) = h(y)—h(y|x), where h(-)
denotes differential entropy. In both the coherent and noncoherent cases, the variance
of elements of y bounds the entropy of y. In the coherent case, the uncertainty in
y given x is only noise. So, h(y|x) is the entropy of noise. But, in the noncoherent
case, the uncertainty in y given @ is due to both channel and noise. Since the channel
gets scaled by /pX (from (2.18)), h(y|x) scales with p and hence results in a loss.
The evaluation of the mutual information for Gaussian codes in the following section

gives the mathematical details behind the intuition.
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3.2 Performance of Gaussian Codes

To illustrate the effect of spreading index, using i.i.d. Gaussian codes, we study
the mutual information between the channel input and output of DSC. For zero-
mean i.i.d. Gaussian codes, i.e., x ~ CN(0, I), we first obtain an upper bound on the
mutual information I(y;x). Since the channel is energy preserving, it easily follows
that E{|y[i]|*} < p + 1. So, applying independent Gaussian bound for differential

entropy [51], we have
h(y) < Nlog(p+1). (3.8)

Given x, the uncertainty in y is due to both channel and noise. Recall that (2.21),

the channel output can be written as
y = VpXUX+o. (3.9)
Given x, y is Gaussian with covariance pXU Ry(XU)" + I and hence
h(y|le) = E{logdet[I + pXUR\(XU)]}. (3.10)

Using (3.8) and (3.10), we numerically evaluate the upper bound on I(y; x) and plot
the results in Fig. 3.2. The numerical results coincide with Theorem 1, illustrating
the “degrading” effect of spreading factor. We see that the “slope” of the rate versus
SNR plot decreases with the increase of spreading index.

For comparison, we plot the lower bound on the mutual information with i.i.d.

Gaussian codes in Fig. 3.3. The lower bound is obtained as follows,

(y;xz) = ly;x, H) - 1(y; H|z) (3.11)
> ly;z|H) - (y; H|z). (3.12)
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Now, [(y; x| H) corresponds the coherent case of known channel and with i.i.d. Gaus-

sian codes,

I(y;z|H) = E{logdet[I + pHH"]}. (3.13)

Similarly, we have
l(y; Hlz) = IL(y; AlX) (3.14)
= E{logdet[I + pXUR\(XU)"|}. (3.15)

Using (3.13) and (3.15) in (3.12), we evaluate the lower bound on I(y;«) and plot

the results in Fig. 3.3, which shows similar effects of the spreading factor.
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Figure 3.3: Lower bound on the mutual information for Gaussian codes.
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CHAPTER 4

MINIMUM MEAN SQUARED ERROR - PAT

In this chapter, we consider cyclic prefixed PAT schemes over the single-antenna
block fading DSC (Section 2.3), where a CE-BEM is used to characterize the channel
variation over the block duration (Section 2.1.1). We outline a procedure for de-
signing minimum mean squared error PAT schemes for this DSC and provide several
novel MMSE-PAT examples. We derive the achievable rates of MMSE-PAT schemes
and compare their rates in the high-SNR regime. Though we restricted our analysis
to Rayleigh fading channels (Section 2.1.1), the MMSE-PAT design results in Sec-
tions 4.1-4.3 are valid for non-Gaussian fading scenarios as well. Throughout this

chapter, we assume modulo-N indexing, i.e., z[i] = z((i)n).

4.1 MSE Lower Bound

In the MMSE-PAT design, we restrict ourselves to CP block transmissions so that

x[—i] = [N —i], i € {—1, ..., —Ngelay + 1}. Recall the DSC block transmission model

y=pXh+v, (4.1)

where X € CN*NNaiwy and h € CNNew>1  Recall that (Section 2.3.1), for PAT
schemes, the transmitted signal is constructed as z[i] = p[i] + d[i], where {p[i]} is the
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pilot sequence and {d[i]} is the zero-mean data sequence. We also recall that (2.29)

the output of CE-BEM DSC for a PAT scheme is written as
y = pPUX+ /pDUX+v. (4.2)
As we will see, the channel estimate MSE is a direct function of the pilot energy
lpl* = E,. (4.3)

The linear-MMSE estimate of h given the knowledge of {y, P} and the knowledge of

the second-order statistics of {h, D, v} is [53]
h = R\ Ry, (4.4)

where R, = FE{yh"} and R, = E{yy"}. With our transmission and channel

models, we have

R,, = JpPUR,U"

R, = pPUR\U"P" + pE{DUR\U"D"} + Iy.

Our channel estimator is pilot-aided, non-iterative and non-decision-aided. The chan-

nel estimation error h = h — h has variance 02 = E{|/h||?} given by [53]

0. = t{UR\U" - RI,R,'R,,}. (4.5)

e

We are interested in finding PAT schemes which minimize the MSE (4.5) of the
LMMSE channel estimate (4.4) subject to a pilot power constraint E,. Specifically,
we are interested in finding the combination of E,-constrained pilot vector p and
precoding matrix B which minimize the estimation MSE ¢2. We refer to such com-
binations of (p, B) as MMSE-PAT schemes. We shall see later that there are many
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(p, B) combinations which lead to minimal MSE. We now proceed to the design of

MMSE-PAT schemes.

Theorem 2 (MSE Lower Bound). For N-block CP affine PAT over the CE-BEM
DSC with the pilot-aided channel estimator (4.4), the channel estimate MSE (4.5)

obeys

I —1
o2 > tr { (R;l + %INDopdeday) } ; (4.6)

where equality in (4.6) occurs if and only if the following two conditions hold:

1. Pilot-Data Orthogonality:

(PU)'DU = 0, VD. (4.7)
2. Optimal Fxcitation:
E
(PU)HPU = WPINDopdeelay' (48)

When (4.7)-(4.8) are met, R; = E{ﬁﬁH} and R; = E{ﬁle} are given by

E -1
R, = U (R;l + %INDopdeelay) u", (4.9)
pE !
Rﬁ = U [R)\ - (R;l + TPINDOPPNdeIay) ] UH- (410)
Proof. See Appendix C.1. O

Condition (4.7) says that pilots and data should be multiplexed in a way that
preserves orthogonality at the channel output, while condition (4.8) says that pilots

should be constructed so that the channel modes are independently excited with equal
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energy. Defining b,[i] = [B];,, we rephrase the MSE optimality requirements (4.7)-
(4.8) in terms of the pilot sequence {p[i]} and modulation sequences {b,[i]}, using the

index sets

Ndelay = {_Ndelay + 17 e Ndelay - 1}7

NDopp = {_NDopp + 1, ceny NDopp — 1}

Lemma 2 (Time Domain Conditions). For N-block CP affine PAT over the CE-BEM

DSC, the pair (4.11)-(4.12) form necessary and sufficient conditions for equality in

(4.6).

Z pli Ke %™ = E5k|0[m] Vk € Nucay, ¥ € Noopp: (4.11)
Z byli KleX™ = OVk € Nuctay: ¥ € Npopp; Vg € {0, ..., N, — 1}. (4.12)
Proof. See Appendix C.2. O

We are not aware of previous results which specify the relationship, between pilots
and general forms of linearly modulated data, that is necessary and sufficient to
minimize the MSE of LMMSE DSC estimates (4.4). Previous work on DSC PAT
design [13,43] was based on the maximization of a channel-capacity lower bound for
the specific case of SCM. Requirements on pilot-data orthogonality to minimize the
least squares (LS) estimation error variance were discussed, for frequency selective
channels, in [35]. Our pilot-data orthogonality requirement (4.12) establishes that,
for DSC MMSE-PAT, the data modulation basis must be orthogonal to certain time-

and frequency-shifts of the pilot vector.

37



Geometric interpretation

The MMSE-PAT design requirements in Theorem 2 has intuitive geometric inter-
pretation. The received observation y is the sum of pilot component PUMX and the
data component DU corrupted by additive white Gaussian noise. Notice that the
pilot component lies in the column space of PU while data component lies in the
subspace @, col(DU ), where @ denotes direct sum of vector spaces. Note that D
corresponds to random data which takes values from finite set of possibilities.

In general, the random undetected data (D) causes interference in the estimator
(4.4) and this interference will contribute to increase in the estimation error o2 given
in (4.5). Our first MMSE-PAT design condition (4.7) requires that the pilot subspace
and the data subspace have to be orthogonal as illustrated in Fig. 4.1. When the
orthogonality condition is satisfied, the pilot component and the data component in
y can be “linearly separated” without changing the statistics of the noise. To see this,
let the columns of B, € CN*K and B, € CN*N=K form an orthonormal basis for the
column space of PU and the left null space of PU respectively. Now, the unitary
rotation [B,B "y separates the pilot and data components since BSPU = 0 and
B;'DU = 0,VD. This corresponds to the projection of observation into the pilot
and the data subspaces. Also, the unitary rotation does not result in any loss of
pilot energy or the data energy and the noise statistics remain the same. Because of
this linear separability property, the interference of the data component in the linear
MMSE channel estimator is eliminated when the orthogonality requirement (4.7) is
met.

Only the observation component in the pilot subspace col(PU) is “useful” for the

channel estimation since the data component DU A is uncorrelated with the channel
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Figure 4.1: Geometric interpretation of MMSE-PAT design requirements.

39



A since data D is zero-mean. Now, the pilot subspace component is corrupted by
the white noise component in that subspace v, = B;"U. The uncorrupted pilot
observation PU X corresponds to the sum of columns of PU weighted by uncorrelated
BEM coefficients. If say, two columns of PU are closely aligned, it is difficult to
differentiate the effect of weighting by the corresponding BEM coefficients. Intuitively,
the best possible choice is that the columns of PU are orthogonal (as illustrated in
Fig. 4.1). Because of the columns of PU have equal norm for any pilot vector p
due to the structural constraints imposed by the channel, we arrive at the optimal

excitation requirement (4.8).

4.2 MMSE-PAT Design

Now, we outline a two-step DSC MMSE-PAT design procedure based on the
necessary and sufficient conditions (4.11)-(4.12). In the first step, one obtains a p
which satisfies (4.11). A procedure for doing so is outlined in Appendix C.3. In
the second step, an admissible p is used to construct a B € CY*¥s which satisfies

(4.12). This can be done as follows. Defining F' € C2Noow—1xN glement-wise as

[y = \/—%e_j%(”_NDOPP“)m, and then defining P; = diag(pl], ..., p[i + N — 1]) and
W, = FP" (4.13)
W = [W—INdday-i-l U W]—l\—fde|ay—1]T7 (414>

we see that (4.12) can be written as Wb, = 0, implying that each b, must lie in
the null space of W. This latter condition is achieved by choosing B such that its
columns form a basis for null(W'). Clearly, Ny, the number of columns in B, must
obey Ny < dim(null(W)). For the case when Ny = dim(null(W)), we can bound
the data dimension N; as follows. Notice from (4.14) that the NpoppNgelay TOWS Of
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(PU)" are contained within the (2Npopp — 1)(2Ngeay — 1) Tows of W. To satisfy
(4.8), the rows of (PU)" must be orthogonal. Thus, NpeppNgelay < rank(W) <

(2Nbopp — 1)(2Ngelay — 1), and so (4.11)-(4.12) imply
N — (2Npopp — 1)(2Ngety — 1) < Ny < N — NooppNaetay- (4.15)

From (4.15), we see that MMSE-PAT dedicates at least Ngelay/Npopp, but no more
than (2Ngelay — 1)(2Npopp — 1), signaling dimensions to pilots. The implication is that
the PAT schemes which achieve equality in (4.6) obey Ny < N — NpoppNVgelay- This
result is intuitive, because, to minimize MSE, the pilot symbols must estimate all
NpoppNgelay independent BEM coefficients, consuming at least NpoppNdelay Signaling
dimensions. Our analysis also shows that PAT schemes can support a data dimension
of at least N — (2Npopp — 1)(2Ngelay — 1) without sacrificing MSE.

The design procedure for MMSE-PAT (p, B) for the DSC can be summarized as

follows.

1. Find a pilot sequence p which satisfies (4.11). One such procedure is given in

Appendix C.3.
2. Using p, construct W from (4.13)-(4.14).

3. Find an orthonormal basis for the null space of W and create B column-wise

from this basis.

This constructive MMSE-PAT design procedure establishes the achievability of the
lower bound in (4.6). We give four examples of MMSE-PAT in Section 4.3.
Time-frequency duality is a well-known and fundamental concept in communi-

cation theory (see, e.g., [17]). While it has recently been applied to the design of
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space-time codes (e.g., [56]), we now demonstrate that it can be applied to the design
of affine MMSE-PAT schemes for the DSC. We refer to (p, B), for p = Fnp and
B = FxB by taking DFT, as the “frequency-domain counterpart” of (p, B). Using

this notation, Lemma 3 gives the frequency-domain analogy of Lemma 2.

Lemma 3 (Frequency Domain Conditions). For N-block CP affine PAT over the
CE-BEM DSC, the pair (4.16)-(4.17) form necessary and sufficient conditions for

equality in (4.6).

N-1
PlilF i — ke 7 ®™ = E,6[k|6[m] Yk € Noopps ¥ € Naelay, (4.16)
=0
N-1
v - 27 .
B[] [i — ke %™ = OV € Noopps V111 € Noetays Vg € {0, ..., N, — 1}. (4.17)
=0
Proof. Plugging pli] = \/—% Zivz_ol ﬁ[r]ej%ﬂ" into (4.11), we have
N-1 N-1 1 N-1 1 N-1
Lo . - 27
Zp[i]p*[l - k]e—Jﬁmz _ Z - Z 7,1 eszm - Z * 7”2 e —j 2 (i—k)ra )e—ywmz
=0 = N r1=0 N ro=0
1 N—-1N N-1
- N Z Z “[ro)ed k2 N I R (rimramm)i
r1=01ro=0 =0 ,
N6[T1:,7“2—m]
N-1
- 27 - 27
T EE S il — mleE
r1=0

and since {k € Ngelay;m € Npopp} < {—k € Nuelay, —m € Npopp}, the conditions
(4.11) and (4.16) are equivalent. In a similar manner, the equivalence between the
conditions (4.12) and (4.17) can be established.

O

Note that the conditions in Lemma 3 mirror those in Lemma 2, except that the
discrete delay spread Ngelay and discrete Doppler spread Npopp have interchanged their
roles. Our duality result can be stated concisely as follows.
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Lemma 4 (Duality). If (p, B) parameterizes N-block CP MMSE-PAT over the
CE-BEM DSC with discrete delay spread Ny and discrete Doppler spread Ns, then
(F yp, FnB) parameterizes N-block CP MMSE-PAT for the CE-BEM DSC with dis-

crete delay spread No and discrete Doppler spread Ny and vice versa.

To our knowledge, the application of time-frequency duality to the design of DSC
MMSE-PAT schemes is novel. Similarities between the structure of MMSE-PAT
schemes for SCM over time-selective channels [57] and OFDM over frequency selective
channels [35] have been previously noted in [57]. However, our result on the duality
of DSC MMSE-PAT is more general, and applies to any affine modulation scheme
(including, but not limited to, SCM and OFDM), as illustrated by the MMSE-PAT

examples given in Section 4.3.

4.3 Examples of MMSE-PAT

Here we give several examples of N-block CP affine MMSE-PAT schemes for
the CE-BEM DSC with discrete delay spread Ngea, and discrete Doppler spread
Nbopp; using the (p, B) parameterization. The proofs for the MMSE-optimality of

the following examples are given in Appendix C.4.

Example 1 (TDKD). Assuming % € 7, define the pilot index set P} and the

guard index set G, :

Npops—1)N
A A A
t[e] — U {_Ndelay+1+ka'--7Ndelay_ ].‘l—kf}
keP

An N-block CP MMSE-PAT scheme for the CE-BEM DSC'is given by

[ By i0lk] J, ¢ P
plk] = { Nowrr© €P (4.18)

0 k¢ Py
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and by B constructed from the columns of Iy with indices not in the set G,". Both
te{o,..., %opp — 1} and 0[k] € R are arbitrary. The corresponding data dimension
is Ny = N — Npopp(2Ndelay — 1).

Example 1 specifies a PAT scheme in which the data and pilot sequences are non-
overlapping in the time domain, where the pilot pattern consists of periodic time-
domain bursts, and where each burst has a truncated Kronecker-delta structure, with

¢ controlling the time-offset of the first burst. (See Fig. 4.2). Note that the burst

: N 1
eriod A
p NDopp 2BDopp7—5

satisfies a Nyquist-sampling criterion. This “time-domain
Kronecker delta” (TDKD) scheme bears similarity to the PAT scheme proposed in
[58] (heuristically) and later in [13], with the difference that [13] focused on zero-
padded (ZP) block transmission, which allows for efficient concatenation of blocks.

We undertake a detailed comparison of CP and ZP schemes in Section 4.6.

Example 2 (FDKD). Assuming % € Z, define the pilot index set 73}[] and the

guard index set g}” :

M _ N (Naetay—1)N
Pf - {E’ g + Ndelay’ o g + dZ\Ifdyelay }
G = | J {~Noopp + 1+ k..., Npopp — 1 + k}.
kePy)

An N-block CP MMSE-PAT scheme for the CE-BEM DSC'is given by p = Fvp and
B = FY B with
plk] = {\/%M s (4.19)
0 k¢ Py
and by B constructed from the columns of the I x with indices not in the set gjﬁ. Both
eA0,..., %elay — 1} and 0[k] € R, are arbitrary. The corresponding data dimension
is Ny = N — Ngelay(2Npopp — 1).
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Example 2 specifies a PAT scheme in which the data and pilot sequences are
non-overlapping in the frequency domain, where the pilot pattern consists of periodic
sub-carrier clusters, and where each cluster has a truncated Kronecker-delta struc-
ture, with ¢ controlling the offset of the first cluster. (See Fig. 4.2). Note that the
cluster spacing %elay satisfies a frequency-domain Nyquist-sampling criterion. This
“frequency-domain Kronecker delta” (FDKD) scheme is the time-frequency dual of
TDKD and bears similarity to the heuristic PAT schemes proposed in [58] and [59].
For the special case of frequency-selective channels (i.e., Npopp = 1), FDKD coincides
with the MSE-optimal OFDM system identified in [34, 35|, where the pilot clusters

reduce to pilot tones.

a
( ) TDKD block
data data data data
i I T L1 1 | T I L1 1 T L1 1 | t|me
0 l N-—-1
Ndelay -1
b
( ) FDKD block
data data data data
i I T L1 1 | T I L1 1 T L1 1 | freq
0 / N-—-1
Npopp — 1

Figure 4.2: (a) Structure of TDKD with Ngelay = 5 and Npopp = 3. (b) Structure of
FDKD with Ngetay = 3 and Npopp = 5.

45



Example 3 (Time domain Chirps). Assuming even N, an N-block CP MMSE-PAT

scheme for the CE-BEM DSC'is given by

27 NVDopp ;.2
Lkl = _peJ%Tk
plk] N
B, = ! ej%r(q-i-NDopdeaay)kej%r_NDQOPP k2 (4.21)

q \/N ’

for k € {0,...,N — 1} and q € {0,..., Ny — 1}, where the data dimension Ny =

(4.20)

N — 2—]\'/vDopp]Vdelay + 1.

Example 4 (Frequency domain Chirps). Assuming even N, an N-block CP MMSE-

PAT scheme for the CE-BEM DSC'is given by p = Fp and B = F]H\',B, with

Pkl = 4/ %eﬁﬁﬂ%“ (4.22)

) - 27 . TrNdeIa
Bly, = e N NomsNaam i3 5042 (4.23)

VN ’
for k€ {0,...,N —1} and q € {0,..., Ny — 1}, where the data dimension Ny =

N — 2—]\'/vDopp]Vdelay + 1.

To our knowledge, the “chirp” schemes specified in Examples 3 and 4 are novel
DSC MMSE PAT schemes. We refer to examples 3 and 4 as “chirp” schemes because
the pilot and data waveforms are linear chirps, as evidenced by the k2 term in the
complex exponentials. Though a chirp-based PAT scheme was suggested in [60], it
was not MMSE. With our chirp schemes, the pilots and data are superimposed in
both the time and frequency domains, though still linearly separable at the channel
output, as required by (4.7). Note that the PATs in Example 3 and Example 4 are
time-frequency duals. Other novel MMSE-PAT schemes can be obtained from the

design procedure outlined in Section 4.2.
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4.4 Achievable-Rate Analysis of MMSE-PAT

We now calculate bounds on the ergodic achievable rate of affine precoded MMSE-
PAT schemes for the CE-BEM DSC. Lemma 2, which distills the fundamental proper-
ties of these MMSE-PAT schemes, allows this achievable-rate analysis to be conducted
in an unified manner. We deepen our analysis in the high-SNR regime and compare
the MMSE-PAT examples from Section 4.3.

As before, we consider the transmitter and channel models discussed in Section 4.1.
Suppose that the MMSE-PAT scheme (p, B) has pilot energy E, [recall (4.3)] and
yields data dimension Ng. It will be convenient to write the input-output relation

(4.1) as
y = /pHp+ /pHBs +v. (4.24)
where H € CN*N is defined element-wise as
(Hlm = hln(n—m)y], (4.25)

with A[n;l] = 0 for [ # {0, ..., Ngety — 1}. We also define H and H in the same
way as H, but from h and h, respectively. It can be verified that E{H H H} =1,
E{HH"} = Tt{R;}/N and E{HH"} = I't+{R;}/N, where R; and R; were
given in (4.9) and (4.10), respectively.

For Section 4.4, we make an additional assumption on our model. We assume
that the columns of precoding matrix B are orthonormal (whereas earlier B was
specified as full rank). Note that, for the purpose of ergodic achievable-rate analysis,
this assumption can be made w.l.o.g., since the mutual information between s and

y remains unaffected by invertible transformations of s. We then define the data
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energy F,
E, = B{|ld|*} = E{ls|*}, (4.26)

the total energy Eior = E, + E,;. To meet the average power constraint, We require
that Fi < N. We have the average SNR of the system equals p, due to our energy-
preserving channel model. Finally, we define the normalized data power 02 = E,/N.
Note that these energy and power definitions do not take the CP into account; the
effects of the CP will be discussed in Section 4.6.

Now, we obtain achievable-rate bounds for the MMSE-PAT schemes using Gaus-
sian codes and minimum distance decoding (Section 2.3.2). To present the bounds,

we use the normalized channel estimate H = H+/N/tr{R;}, where E{E[E[H} =1.

Theorem 3 (Achievable-Rate Bounds). For the N-block CP affine MMSE-PAT
scheme (p, B) with zero-mean i.i.d. Gaussian s € C™+ over the CE-BEM DSC, the

per-block ergodic achievable rate Rmmse-bik 00€yS Rimmse-blk-b < Rmmse-blk < Rmmse-blk-ub

where
Remmsevicy = E{logdet[Iy, + po B H"HB]} bits/block (4.27)
Romsesiews = E{logdet[Iy. + puwB " EIB]} bits/block (4.28)
R o a»
P = PO (4.30)
Proof. See Appendix C.5. O

The lower bound (4.27) describes the “worst case” scenario of channel estimation
error acting as additive Gaussian noise. This concept was previously used in, e.g., [41]
and [61]. The upper bound (4.28) describes the “best case” scenario of perfect channel
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estimates. In Section 4.6, we consider the effects of the CP and write the achievable
rate in units of bits/sec/Hz.

It is insightful to compare Rmmsebik, the achievable rate of MMSE-PAT, to Resibik,
the achievable rate of a system with perfect receiver-CSI, under equal transmission
power. (With perfect CSI, there is, of course, no need for pilots.) With i.i.d. Gaussian

data, the achievable rates are known to be [33]

Resio = Bllogdet[Iy + pei I EI]} bits/block (4.31)

Pesi = P (4.32)

Two principle factors separate Resipik from Roymsebik- First, MMSE-PAT suffers from
channel estimation error, which degrades Rmmsebik by affecting the “effective SNR”
(4.29). Second, MMSE-PAT uses only N, out of N total signaling dimensions for data
transmission. Note, from (4.24), (4.27) and (4.28), that MMSE-PAT communicates
the data s through the “effective channel” HB e CN*N s, which offers only N, degrees
of freedom. The perfect-receiver-CSI system, on the other hand, communicates data
through the effective channel H e CV*N | which offers N degrees of freedom. Our

asymptotic achievable rates in Theorem 4 provides further insight on these issues.

Theorem 4 (High-SNR Achievable Rate). For the N-block CP MMSE-PAT scheme

(p, B) with data dimension Ny over the CE-BEM DSC, the per-block ergodic rate is

given by

Rmmseblk = Nslogp+ O(1) bits/block (4.33)
as p — 00.
Proof. See Appendix C.6. O
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In the case of N-block transmission under perfect receiver-CSI, it was shown in

Chapter 3 that the asymptotic capacity obeys
Ceoh-bk = Nlogp+ O(1) bits/block (4.34)

as p — oo. Notice that, in the high-SNR regime, Rmmse-bik and Ceon-pik increase lin-
early in log p with slopes Ny and N, respectively. Recalling the range of N, from
(4.15), it is evident that MMSE-PAT suffers a pre-log factor penalty relative to the
perfect-receiver-CSI system. In fact, at high SNR, the loss in pre-log factor becomes
the dominant cost of imperfect receiver-CSI, since there the MMSE-PAT channel
estimates will be accurate and losses due to channel estimation error will be insignif-
icant. For channels with low spreading index (i.e., v < 1), Ny will be close to N
(recall v = %), and hence the pre-log factors of Ruymse-bik and Ceon-pik Will be
similar. Thus, for low spreading indices and moderately high SNR, the rates achieved
by MMSE-PAT should not be far from those of a perfect-receiver-CSI system. This is
intuitively satisfying, since smaller v implies relatively few unknown channel param-
eters and thus relatively small pilot overhead. On the other hand, for channels with
high spreading index (7 close to 1), N will be significantly less than N [recall (4.15)].

In this case, Rmmsebik can deviate significantly from Ceon.pi, €ven at moderately high

SNR. These trends are confirmed by the numerical results in Section 4.7.

4.5 Pilot/Data Power Allocation

Until now, the MMSE-PAT schemes were designed using fixed pilot energy E,.
Now we consider the problem of judiciously allocating a fixed energy Fi. between
pilots and data. Notice the inherent tradeoff: increasing the pilot power decreases the
channel estimation error but also decreases the data power, which in turn increases
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the sensitivity to noise and channel estimation error. Intuitively, power should be
allocated to maximize an “effective SNR” which takes into account both the noise
and channel estimation errors. The approach we take is to maximize pjp.

Let o € (0,1) denote the fraction of energy allocated to the data symbols, i.e.,
Es = aFio and E, = (1 — a)Eyr. We are interested in finding o, = arg max, pip().

Recall that o, must satisfy ap'b )‘

= 0, which is equivalent to satisfying

=0

(plo +1) (252 ~ ) = (255 vl e (435)

N, N,
A]vDopp]Vdelay_1 E
QP Lot
@) = ,(4.36
o) ; NNS[R)\]i_,il + (1 — a)pEiwotNs ( )

where ¢'(a) = dp/0a. Numerical techniques can be used to find the roots, within
the interval (0, 1), of the polynomial (4.35). Among these roots, a, is the one which
maximizes pjp.

In the case of identically distributed BEM coefficients, i.e., Ry =

N
NDopdeeIay INDOPP Ndelay ’

it can be shown that the maximizer of pp(«) is

Y/ 62 if N > NdelayNDopp
Quiid = ﬁ + /62 if N, < NdelayNDopp (437)

2 if N NdelayNDopp

N O] Nea
L+ 138
6 - 1 _ NDopdeelay : ( : )
Ns

Furthermore, it can be shown that «, jgq maximizes the achievable-rate lower bound
given in (4.27). To see this, note that the channel h and the normalized channel
estimate h = fb\/]\f/T{Rh} have the same covariance, and hence H and H have
the same distribution, so that the power allocation fraction affects the Rmse-bik-ib
only through pp. Since Riymse-bik-ib 1S an increasing function of py,, maximizing py, is

equivalent to maximizing R mmse-blk-Ib-
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For the case of general Ry, closed-form solutions for ., are possible in the high-
SNR and low-SNR asymptotic cases. It can be shown that argmax, lim,_o pp = %
and argmax, lim, .., o = lim, o o jiq, Where a, ;g is calculated from (4.37) using

g=01- NDopdeday/Ns)_l. Note that all affine precoding MMSE-PAT schemes with

data dimension N, have pj, maximized by the same pilot/data power allocation.

4.6 Streaming MMSE-PAT

In this section, we analyze the spectral efficiency of systems which transmit a
stream of blocks, where each block is constructed according to the MMSE-PAT prin-
ciples discussed earlier and separated from its neighbors by time-domain guard in-
tervals. We consider guards based on CP (as assumed in Section 4.1) as well as
ZP (as assumed, e.g., in [13]). In particular, we examine the time-bandwidth re-
sources consumed by these systems and analyze their achievable rates in units of
bits/sec/Hz. To quantify time-bandwidth consumption, we consider the use of an
arbitrary continuous-time baseband-equivalent pulse. The analysis in this section fa-
cilitates a direct comparison between the MMSE-PAT schemes in Section 4.3 and the
zero-padded SCM scheme from [13].

Let {2 [i]}X," denote the discrete-time transmitted sequence within the m!"
block. We assume that {x™[i]})*;' is constructed in the manner of {x[i]}X ;! from
(2.25), but with pilot and data that satisfy the MMSE-PAT conditions in Lemma 2.
Recall from Section 2.1 that the baseband modulation is accomplished by a time-
limited and band-limited pulse ¥ (t). The streaming cyclic-prefixed (SCP) modulator

generates the continuous-time transmitted waveform as,

) = 3 Y Aot~ T - mN + Noaw — DT, (439)

meZ iZ—Nde|ay+l
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where modulo-N indexing is assumed for xz™[i] in (4.39). We refer to SCP with
{a[i]} V5! constructed according to the FDKD example from Example 2, with ¢ =
N/N4elay — Npopp and arbitrary 0[k|, as “SCP-FDKD.” Similarly, we use “SCP-Chirp”
to refer to the corresponding schemes constructed from either the time- or frequency-
domain Chirp examples from Section 4.3. (See Fig. 4.3.) Because of the CP, the SCP
block period equals (N + Ngelay — 1)7; seconds. For the streaming zero-padded (SZP)
PAT scheme from [13], the modulator generates

x(t) = > ix[m][i]w(t—z'?;—mN’Z;). (4.40)

meZ 1=0

We refer to SZP with {z™[i]} ;" constructed according to the TDKD example from
Example 1, with ¢ = N/Npepp — Ndelay and arbitrary 6[k|, as “SZP-TDKD.” (See
Fig. 4.3.) Noting that the TDKD samples {z[i]} X} Nagy+1 8r€ zero-valued for this
choice of ¢, it can be seen that SZP-TDKD takes advantage of a “built in” ZP, which
permits efficient concatenation of blocks (Fig. 4.3) at a block period of N7g seconds.

The continuous-time channel output is

y(t) = / Bt )a(t — 7) + o(b), (4.41)

where h(t;7) denotes the (time-varying) continuous-time DSC impulse response and
v(t) denotes the noise waveform.

We now compute the spectral efficiencies of SZP-TDKD, SCP-FDKD and SCP-
Chirp schemes in bits/sec/Hz by quantifying the per-block time-bandwidth resources
consumed by these systems. To do this, we examine the continuous time channel out-
put signal y(t). The decision to examine the channel output rather than the channel
input is somewhat arbitrary, but results in cleaner expressions. In addition, channel
output properties are more relevant than channel input properties when analyzing
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egress onto adjacent frequency bands. In the sequel, we make the approximation

Npepp—1

e which is accurate for large N.*

2Bpopp ~

As illustrated in Fig. 4.3, each block of SCP-FDKD and SCP-Chirp schemes con-
sumes (N + Ngelay — 1)7Z; seconds while that of SZP-TDKD consumes N7 seconds.
To find the bandwidth consumption of these systems, we assume uncorrelated in-
formation symbols {s™[k]} (e.g., from an i.i.d. Gaussian codebook). SZP-TDKD
is an SCM system and its transmit signal occupies a bandwidth of % Hz. Be-
cause of the frequency dispersion of DSC, the channel output has bandwidth of
% + 2Bpopp = %ﬁpp_l Hz, so that SZP-TDKD consumes N + Npgp, — 1 Hz sec
per block. SCP-FDKD is a multi-carrier system transmitting pilots and data in
the frequency domain, where each sub-carrier consumes a bandwidth of NLTQ Hz.
Because of the zero-valued pilot sub-carriers at the edge of the band (with the
choice of ¢ = Nj\; o Nbopp); the SCP-FDKD output signal consumes a bandwidth

f %ﬁ’”“ + 2Bpopp = % Hz. Thus, SCP-FDKD consumes N — Ngelay + 1 Hz

0
sec per block. Notice that SCP-FDKD consumes more time resources, but less fre-
quency resources, (per block) than SZP-TDKD. This follows from the fact that SCP-
FDKD contains built-in frequency-domain guard intervals while SZP-TDKD contains

built-in time-domain guard intervals. Both the SCP-Chirp schemes consume a band-

N+NDopp—

width of % + 2Bpopp = Tl Hz, so that their time-bandwidth consumption is

(N + Ngelay — 1)(IN + Npopp — 1) /N Hz sec per block.
For CP-based systems, we have assumed throughout that the receiver discards the
samples corresponding to the CP. (Recall Section 4.1.) In contrast, the SZP-TDKD

1By writing Noopp = 2| BooppTsN| + 1 = 2BpoppZsN — € + 1 where € € [0,1), we see that

2Bpopp = ND;;"’Tzl + NLTS We desire that the approximation error satisfies NLTS < %, or equivalently

N > ¢, and this is guaranteed when N > 1.
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Figure 4.3: Time and bandwidth occupation for several streaming MMSE-PAT sys-
tems designed for Ngeiay = 3 and Npepp = 3. Lightly shaded shows channel input and
darkly shaded shows channel output. Note the use of a time-frequency concentrated
modulation pulse ¥(t).

receiver does not discard samples. Thus, when comparing these systems, we must be
careful when defining SNR.

Consider SNR defined as the ratio of signal power to noise power observed at the
output of the receiver’s pulse-shaping filter. Because we assume an energy preserving
discrete-time channel {h[i;[]}, this SNR can be equivalently described as the ratio of
transmitted signal power to received noise power. Since SZP-TDKD has a built-in
ZP, the transmitted signal power is 02, = px Z YE{|zm] 2} = %. For SCP
schemes, the transmitted signal power is o7, = pm Sy Noaay-+1 E{|z"[:]*}

taking the cyclic prefix into account. However, since it is easily verified that SCP-

FDKD and SCP-Chirp both guarantee that

N-1

N+Nje|ay—1 2. E{le"lP}) = NZE“‘”

i:_Ndelay+1
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we find that azzp = Ufp for these schemes. In other words, SZP-TDKD, SCP-FDKD,
and SCP-Chirp all have the same average transmitted power, and thus have the same
SNR, which is p.

Now, we combine the per-block achievable rates (from Section 4.4) with the per-
block time-bandwidth consumption of streaming systems (from Section 4.6) in order
to write the achievable rates in units of bits/sec/Hz. As shown in Section 4.6, SZP-
TDKD, SCP-FDKD, and SCP-Chirp schemes have same SNR of p and can be fairly
compared. In addition, the channel matrix definition (4.25) holds for SZP-TDKD
as well as SCP schemes because, as evident from Fig. 4.3, the ZP portion of each
SZP-TDKD block acts as if it were a CP for the next SZP-TDKD block. Thus, with
i.i.d. Gaussian input, upper and lower bounds on the achievable rate of the streaming

schemes under consideration are

Rmmse—ub = C Rmmse—blk—ub bitS/SeC/HZ (442)
7—\)fmmse—lb = C Rmmse—blk—lb bits/sec/Hz (443)
respectively, where
N SZP-TDKD
¢ = s SCP-FDKD (4.44)
N SCP-Chirp

(N+Nde|ay_1)(N+NDopp_1)
and where Riymseblkub aNd Rpmmsebikp Were defined in Theorem 3. Using similar
arguments, the achievable rate of an SCP system with i.i.d. Gaussian inputs and

perfect receiver-CSI (and no pilots) is

Resi = N Resibik bits/sec/Hz. (4.45)

(N+Nde|ay_1)(N+NDopp_1)
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The asymptotic achievable rates can then be written as

N — (2Ngelay — 1) Npo )
Rszp.TDKD = < ]E[ +d]\'7Dy _) 1D pp) log(p) + O(1) bits/sec/Hz (4.46)
opp

S

7SZP-TDKD
2]\/vDopp 1)]\/vdelay
N + Ndelay 1

Rscp-rbkp =

) log(p) + O(1) bits/sec/Hz (4.47)

S

nSCP FDKD

2]\'[Dopp]\/vdelay + I)N ) .
lo + O(1) bits/sec/Hz,
ﬂ T Vo e S ) (6) +0(1) bt/

Rscp-chirp

g

TISCP-Chirp
(4.48)
as p — 00. For integer Ngey and Npepp, it easily follows that Ngelay > Npopp <
Nscp-kDKD = Mszp-Tpokp and vice versa. Thus, in the high-SNR regime, SCP-FDKD
dominates SZP-TDKD (from [13]) when Ngejay > Npopp, While SZP-TDKD dominates

SCP-FDKD when Ndelay < NDopp~

4.7 Numerical Results

In this section, we present numerical examples of the spectral efficiencies of several
streaming MMSE-PAT schemes. For this purpose, we evaluate the achievable rate
bounds of streaming MMSE-PAT (in units of bits/sec/Hz) for the SZP-TDKD, SCP-
FDKD, and SCP-Chirp schemes, using the power allocation procedure described in
Section 4.5. In all cases, we consider block size N = 120 and plot the bounds over
the SNR range of practical interest. As discussed in Section 4.6, p is the SNR of all
the PAT schemes. We used a Monte-Carlo approach to evaluate the expectation in

the bounding expressions (4.27)-(4.28).
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In Fig. 4.4, we show results for a channel with i.i.d. BEM coefficients (i.e., Ry =

N

mI ) such that Ngeay = Npopp = 3. These discrete spreading parameters cor-

respond to a spreading index of v & 0.07, as results from, e.g., carrier frequency
fo = 80 GHz, sampling interval 7; = 1 psec, maximum mobile velocity vy, = 150
km/hr, and a channel delay spread Zgeay of 3 psec. These physical channel param-
eters are related to Bpepp Via Bpopp = feUmax/C, Where ¢ denotes the speed of light.
Both the SCP-Chirp schemes yield identical bounds since they have the same spec-
tral efficiency. Also, as can be seen from Fig. 4.4, SZP-TDKD and SCP-FDKD yield
identical bounds on achievable rate, which is expected since Ngelay = Npopp. The
bounds for SCP-Chirp schemes are uniformly lower than those for SZP-TDKD and
SCP-FDKD, which is also expected since Npopp 7# 1 7# Ngelay. For reference, Fig. 4.4
also plots the performance of an SCP system with perfect receiver CSI (and no pilots)
via (4.45).

In Fig. 4.5, we show results for a channel with i.i.d. BEM coefficients such that
Nyelay = 15 and Npepp = 3. This channel is primarily time-spreading with spreading
index v &~ 0.37 and results from, e.g., the same physical channel parameters as before,
but with a channel delay spread Zgeay of 15 psec. Note that, since Ngelay > Npopp:
the SCP-FDKD bounds dominate SZP-TDKD bounds, which in turn dominate the
SCP-Chirp bounds. Compared to Fig. 4.4, there is a much larger gap between the
MMSE-PAT bounds and the perfect-receiver-CSI bounds, as a consequence of the
higher spreading index.

In Fig. 4.6, we compare SZP-TDKD to SCP-FDKD on two channels with Ngejay =
15 and Npepp = 3. One has i.i.d. BEM coefficients (i.e., E|\[k;[]|> = +—2— for

NDopp Ndelay

ke {—ND°5”_1, e ND°5”_1} and [ € {0, ..., Ngelay—1}), and the other has independent
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but non-identically distributed BEM coefficients, as would result from a non-uniform
delay profile and a non-uniform Doppler spectrum. In particular, we consider a
channel with a “Jakes” Doppler spectrum and an exponential delay profile, for which

E{A[k; 1]} = xe "M (Boy, — K2(NT)2)705 for k € {—Tmw=l  Moow=l1 apq

Dopp

1 €{0,..., Ngelay — 1}, and where y is chosen such that tr{ Ry} = N. For the channel
with i.i.d. BEM coefficients, we allocate pilot/data power according to the procedure
in Section 4.5, while, for the non-i.i.d. channel, we allocate equal power between pilots
and data. In both cases, we see that the achievable rate bounds grow (asymptotically)
linearly in log p with slopes proportional to the pre-log factors in the asymptotic rate
expressions (4.46)-(4.47). Since, for this channel, Ngelay > Npopp, SCP-FDKD’s higher

pre-log factor translates into significant rate gains over SZP-TDKD at high SNR.
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Figure 4.4: Bounds on ergodic achievable rates for Ngelay = Npopp = 3.
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Figure 4.5: Bounds on ergodic achievable rates for Ngeiay = 15 and Npepp = 3.
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Figure 4.6: Bounds on ergodic achievable rates for Ngeay = 15 and Npepp, = 3 for (a)
non-uniform and (b) uniform decay and Doppler profiles.
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CHAPTER 5

SPECTRALLY EFFICIENT PAT

Recall that a rate R of a PAT scheme is said to be achievable if the probability
of decoding error for that rate can be made arbitrarily small. Since our PAT schemes
use Gaussian codes, based on Theorem 1, which gives the bound on the pre-log factor
of the constrained capacity of noncoherent DSC with continuous inputs, we make the

following definition about the PAT schemes.

Definition 1. A PAT scheme is called spectrally efficient if its per-channel-use

achievable rate R(p) over the CE-BEM DSC satisfies lim,,_. Eg’; = N_ND;\;PN"G'“,

For the case of flat or frequency-selective channels, PAT schemes designed to
minimize the channel estimation error variance have been shown to be spectrally
efficient [7,20,41]. We study the MMSE-PAT schemes for DSC and establish that
they are spectrally inefficient. We also derive design conditions for spectrally efficient

PAT and present a novel spectrally efficient PAT.

5.1 Is any MMSE-PAT Spectrally Efficient?

From the asymptotic rates of MMSE-PAT schemes (Theorem 4), the prelog factor

of the per-channel-use achievable rates of TDKD, FDKD and the chirp schemes are
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N—(2Ngetay—1)Noopp  N—(2Npopp—1) Neel N —2Ngeiay Np. . .
= == o = and 2 respectively. Note that, for singly

selective channels, some MMSE-PAT schemes are spectrally efficient. For example,
for time selective channels (Ngeoy = 1), the TDKD scheme is spectrally efficient.
Similarly, for frequency selective channels (Npopp = 1), the FDKD scheme is spectrally
efficient. For strictly doubly selective channels (i.e., Ngelay > 1 and Npepp, > 1), the
four MMSE-PAT Examples from Section 4.3 yield Ny < N — NpoppNgelay, and are
clearly not spectrally efficient. The ZP-MMSE-PAT scheme from [13] which resembles
TDKD is also spectrally inefficient. But does there exist some other MMSE-PAT
scheme which is spectrally efficient over the CE-BEM DSC? The answer is given in

the following theorem.

Theorem 5. In CE-BEM DSC with Ngeay > 1 and Npepp > 1, the data dimension
Ng of any CP-MMSE-PAT scheme (p, B) satisfying the necessary requirements given

in Lemma 2 is strictly bounded as Ny < N — NpoppNVdelay -
Proof. See Appendix D.1. O

Combining the achievable rates of MMSE-PAT from Theorem 4 and the result

from Theorem 5, we have the following result.

Corollary 1 (Spectral Inefficiency). No CP-MMSE-PAT scheme is spectrally efficient

over the strict CE-BEM DSC with Ngelay > 1 and Npepp > 1.

Our results show that there are some fundamental differences between singly se-
lective channels and doubly selective channels. The reason for spectral inefficiency of
MMSE-PAT schemes over DSC can be intuitively explained as follows. In the case
of the singly selective (time selective or frequency selective) channels, the “effective”
channel matrix H for the PAT schemes (recall (2.27)) has deterministic eigen vectors
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and the unknown channel coefficients correspond to the eigen values. This property
allows the “optimal” estimation of the unknown channel parameters (in the MSE
sense) by sacrificing the signaling dimensions whose number equals the number of
unknown channel parameters. But channel matrix corresponding to DSC does not
have deterministic eigen vectors and the optimal estimation of the channel coeffi-
cients takes away more signaling dimensions than the number of unknown channel
coefficients.

Note on CP overhead: In calculating the spectral efficiency of MMSE-PAT schemes

in units bits per channel-use, we ignored the overhead due to CP. If the delay spread

Ndelay_ 1

Ngelay is small compared to the block size N, the fraction of CP overhead —

becomes negligible. Even if Ngeay << IV, the MMSE-PAT schemes from Section 4.3
can be highly inefficient in terms of achievable rates, if Npopp/Ngelay is comparable to

N.

5.2 Design of Spectrally Efficient PAT

We proceed towards the design of spectrally efficient PAT. First, we note that for
our decoder in Section 2.3.2, if E,, = 0, then the LMMSE estimate of the channel from
pilots is H = 0. In that case, the mismatched minimum distance decoder in (2.31)
can not differentiate between any two distinct codewords and the achievable rate is
0. Since this case is not interesting, we restrict ourselves to the case of non-zero pilot
energy E,, specifically liminf, .., £, > 0. Now, recalling (2.29), the output vector is

represented as,

y = pPUAX+ /pDUX+v. (5.1)

65



Since we are considering non-data-aided estimators, the pilot-data orthogonality at
the channel output is desirable; otherwise the channel estimation will suffer interfer-
ence from data and the channel estimates will not be perfect even in the absence of
noise (i.e., asymptotically as p — 00). Using pilot data orthogonality criterion, we

introduce the notion of “linearly separable” PAT.

Definition 2. A PAT scheme is said to be linearly separable if the pilots and data

are orthogonal so that (PU)MDU = 0, VD.

Recall from Theorem 2 that all the MMSE-PAT schemes are linearly separable
since they satisfy the pilot-data orthogonality. Now, we present the achievable rates
of linearly separable PAT schemes with Gaussian codes of covariance R, and the mis-
matched decoder specified in Section 2.3.2. To do so, we specify the weighting matrix
Q and use a result from [30]. To obtain the weighting matrix, first we “separate” the

pilots and data at the observation. Recalling (2.27), we have

y=/pH(p+ Bs) + v. (5.2)

Let the columns of B, form an orthonormal basis for the left null space of PU. Due

to pilot-data orthogonality, the projection

Ya = Bgy (5.3)
— BYHB s+ B'lv, (5.4)
T ———
d V4

does not result in any loss of data energy. Splitting H, into estimate H, and error
H , components, we have

y, = Hys +w. (5.5)

n
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From [30], denoting R,, = E{nn"}, the optimal weighting factor to be applied to

~1/2

Yy, in order to maximize the achievable rates is R,

, which can be thought of as

“whitening” filter. So, we apply the weighting factor
Q = R'VBy, (5.6)

in the decoder (2.31). Now, let the columns of B,, form an orthonormal basis for the

column space of PU and consider the projection

y, = By (5.7)
= pBIYPUX + B)lv, (5.8)
——

where (5.8) follows from the linear separability. Since the projection y, does not
result in any loss of pilot energy, LMMSE estimate of the channel from y and y,, are
same. Now, since y,, and A are jointly Gaussian LMMSE estimate coincide with the
MMSE estimate. Because of this, our PAT decoder in Section 2.3.2 falls within the
hypothesis of [30] and we can use the result from [30] to find the achievable rates of

our PAT schemes. The result is given in the following lemma.

Lemma 5. For a linearly separable PAT scheme, with the weighting factor in (5.6)

applied in the decoder (2.31), the per-block achievable rates are given by
Rk = B{logdet[I + pR:\H R, H:]} bits/block. (5.9)

The above rate expression resembles that of coherent case [33] with n acting as “ef-
fective” Gaussian noise. Now, note that there are NpoppNgelay independent unknown
BEM coefficients in each N-length block. All the CP-MMSE-PAT schemes are shown
to sacrifice more than Npepp Ngelay dimensions for pilots, leaving Ny < N — Npopp NVdelay
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dimensions for data symbols, and hence are spectrally inefficient. To design a spec-
trally efficient PAT, we need to relax the MMSE requirements in Lemma 2. As noted
before, since we are considering non-data-aided estimators, the pilot-data orthogo-
nality at the channel output (4.7) is desirable. Thus, a PAT scheme which preserves
pilot-data orthogonality at the channel output, and which can yield perfect chan-
nel estimates in the absence of noise using only NpoppNaeiay pilot dimensions, is a
candidate for spectrally efficient PAT. In the following, we establish the sufficient

conditions for a PAT scheme to be spectrally efficient.

Theorem 6. Suppose a PAT scheme parameterized by pilot vector p and data mod-

ulation matrix B satisfies following conditions;
1. PU s full rank.
2. rank(B) = N — NpoppNdelay -
3. It 1s linearly separable.
Then the PAT scheme is spectrally efficient.
Proof. See Appendix D.2. O

First condition gives the requirement for the pilot vector. Second condition stipu-
lates the requirement of the precoder matrix. Third condition gives the joint require-
ment between the pilot vector and precoder matrix. A PAT scheme satisfying the

above requirements is given below.

Example 5 (SE-PAT). With the pilot index set Py = {0, Neeay: ---, (Noopp — 1) Naelay }

and the guard index set Gs = {0, ..., NpoppNaelay — 1}, an N-block ZP PAT scheme for
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the CE-BEM DSC' is given by
_Ev_ j6[K] keP
plk] =V Nom" 5 (5.10)
0 k ¢ P
and by B constructed from the columns of Iy with indices not in the set Gs. (k) € R

1s arbitrary.

In the above PAT, the first NpeppNgelay time slots are used by the pilots and the
remaining time slots are used for data transmission ensuring linear separability. The
structure of the PAT is illustrated in Fig. 5.1. Also the rank of the precoding matrix

is N — NpoppNVdelay- It can also be easily verified that PU is full rank.

data

L]

\ " time
- N-—-1

0
A“"delay -1

Figure 5.1: Structure of SE-PAT with Ngelay = 5 and Npepp = 3.

5.3 Comparison of PAT schemes

In this section, we compare the achievable rates of MMSE-PAT schemes from Sec-
tion 4.3 and the SE-PAT scheme from the previous section. We numerically evaluate
the achievable rates and also perform some approximate theoretical computations
for comparison. First, we numerically evaluate the achievable rates of SE-PAT and

MMSE-PAT schemes with i.i.d. Gaussian codes and equal energy allocation between
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pilots and data. With % = f,—z, the per-channel-use achievable rates of SE-PAT and

MMSE-PAT schemes with i.i.d. Gaussian codes are given by (Lemma 5)
1 PN
R = — EflogdetI + po?R-VH H Y, (5.11)

where H, = BYHB and R, is the covariance of B <\/ﬁP~IBs + ’U). Since BB" <

I, we have,

R, = po?BYE {ﬂBBHﬂH} By+1 (5.12)

< po’BYE {HHH} B,+1. (5.13)

For ease of computation, we evaluate the lower bound on the achievable rates (5.11)
by replacing R,, with its upper bound (5.13). In fact, for MMSE-PAT schemes, this
lower bound on achievable rates coincides with the lower bound in Theorem 3. For
different values of N, Ngelay and Npepp, With identically distributed BEM coefficients,
the plots of lower bound on the achievable rates (in bits per channel-use) versus SNR
are shown in Figures 5.2-5.4. For comparison, we also plot the rates of coherent
case of perfect receiver CSI apriori, with i.i.d. Gaussian codes. Since the asymptotic
achievable rates of SE-PAT scheme has higher pre-log factor than that of MMSE-
PAT schemes, we see that the rates of SE-PAT scheme grow faster with SNR than

the MMSE-PAT schemes, in the high SNR regime.

5.3.1 Effective SNR

In the decoder, since Hys corresponds to the signal component and since n =
H ;s + vy acts as the effective noise (from Lemma 5), we define the effective SNR of
the PAT scheme as

po? t{ Ry /N}
potr{R; /N} +1

Peff
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Figure 5.2: Lower bound on achievable rates for N = 108, Ngelay = 9, Npopp = 3.
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We will see that the effective SNR is an important parameter of the PAT schemes
which gives insights on their achievable rates. For MMSE-PAT schemes, the covari-
ance of the channel estimate and the estimation error are given by (4.10) and (4.9)

respectively. For the spectrally efficient (SE) PAT, the pilot observations can be

E
y, = ,/%ijuvp, (5.14)

for a suitably constructed G with unit-norm rows. From the structure of the SE-PAT

written as

scheme, it follows that G is full rank. Now, the error covariance can be written as

E -1

RE = U(R;1+p—NPGHG) UM, (5.15)
E -1

R* = U [RA - (R;l + p—NpG”G) ] U (5.16)

Denoting the minimum eigen value of GG by fimin, We obtain the following bounds

on the covariance matrices,

pEp,umin
N

—1
R¥ < U(R;1+ INDOpdeelay) U" = R, (5.17)

pEp,umin
N

-1
R® > U[RA—(R;W INDOPPNde.ay) ]U“ = R°. (5.18)

Since G is full rank and tr{GHG} = NboppVdelay, the minimum eigen value is bounded

as
0 < Hmin S 1. (519)

For the SE-PAT schemes, using (5.17), we have the following bound on the effective

SNR,

po; tr{R; /N}
po? tr{ R /N} + 17

se se-lb
Peft = Peff =
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which will be used in our theoretical computations. If the effective SNR of a PAT
scheme is high, i.e., per > 1, then it operates in degrees of freedom (DOF) limited
regime, i.e., the achievable rates are limited by the available DOF [3]. If the effective
SNR is small, i.e., per < 1, then it operates in the noise limited regime. Now, we
make some approximate calculations to find the cutoff SNR value for the PAT schemes
at which they switch from the noise limited regime to the DOF limited regime. In
the DOF limited regime, SNR is high, i.e., p > 1, since the effective SNR (which is
limited by both the estimation error and the additive noise) is high. For the case of

MMSE-PAT schemes, with p > 1, using Taylor approximation, we have

B\
tr{R;} = tr (R;\1 + %I) (5.20)
]VDopp]Vdelay_1 1
= S 5.21)
S (
; [R/\]m'l + pT
]VDopp]Vdelay_1
N N
N —— 1l—— (5.22)
pEp i—0 pEL R
N Npopp Ndela
~ —ng delay. (5.23)
p
and hence tr{R;} = N(1 — ]VD";"T]Z"E'&‘V) ~ N. Using these approximations, defining
o) = NDE#, we have
opp{ Vdelay
2 2
po;o,
mese . 5.24
Peff o2+ Uz% ( )
Similar calculations for SE-PAT schemes yield,
mino-20-2
o e (5.25)

Ug + Hmin0. g ‘
We define the SNR-cutoff for the MMSE-PAT schemes as

2 2
o5+ o,

2
s

mmse
Pcut-off

)

2
O'O'p
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while for SE-PAT schemes we define

252
O'p

se
Peut-off
Mminag

Beyond this cutoff, the achievable rates of PAT schemes are not limited by effective
noise but are limited by the available DOF. For the SE-PAT scheme, in Fig. 5.5, we
plot the rates versus SNR curves for the two cases: (a) N = 135, Ngelay = 9 and
Nboopp = 3, (b) N = 135, Ngelay = 15 and Npepp = 3. For these cases, theoretically
calculated p, ¢ using (5.25) is 18 dB and 25 dB respectively. From Fig. 5.5, we see
that, after the cutoff SNR, the performance is limited by the available DOF, and the

rates grow linearly with SNR with a slope proportional to Nj.
5.3.2 Intersection Point

Since SE-PAT scheme has higher estimation error, its effective SNR might be
smaller than the MMSE-PAT schemes. So, in the moderate SNR regime, MMSE-
PAT schemes may support higher rates than the SE-PAT scheme. (See Figures 5.2,
5.3.) But as p increases beyond g, ., rates of SE-PAT increases with higher slope
and eventually beats the rates of MMSE-PAT schemes. (See Figures 5.2, 5.3.) We
now make some rough calculations on the SNR value for which the rates of the SE-
PAT intersects with that of the MMSE-PAT schemes. These SNR values provide
the thresholds for choosing between the SE-PAT and MMSE-PAT schemes. For
convenience, we define the normalized channel estimates Hy = H d\/N/T{Rﬁ}a
and the normalized input covariance R, = R,/0?, Now, the per-block achievable

rates of MMSE-PAT schemes and SE-PAT schemes are bounded as,

mmse 77H B 13
7—\)fmmse—blk Z 7—\)fmmse—blk—lb = E{logdet[I_l_pefF HdRst]}a (527)

Rse—blk Z Rse-blk-lb = E{logdet[I—|—p§g'bI_{3RsI_{d]}. (528)

76



(@)

bits per channel use
bits per channel use

| | | 0 | | |
0 10 20 30 40 50 0 10 20 30 40 50
SNRin dB SNRin dB

Figure 5.5: Achievable rates of SE-PAT: (a) N = 135, Ngelay = 9 and Npopp = 3, (b)
N = 135, Ndelay =15 and NDopp = 3.
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We wish to compare the rates of an SE-PAT scheme with data dimension N:* and
SNR cut-off pg, ¢ with the rates of MMSE-PAT scheme with data dimension N"™
and cut-off SNR pZlser. We approximately compute SNR value at which the rates of
those two schemes intersect. Specifically, we compute the SNR at which the Reepiipb —
Rimsebikls ~ 0. Let {ai}év;e—1 and ~{6Z-}(])V“Tmse_1 denote the non-zero eigen values of

the normalized effective channel H R, H ;' for MMSE-PAT and SE-PAT schemes

respectively. Now,

Ngnmse
Rmmse—blk—lb = E{ Z 1Og(1 + p?anseai)}a (529)
Nz
Rsebllb = E{Zlog(l—i—pﬁf'bﬂi)}, (5-3())

mmse se-1b

and using the high SNR approximations of pgg"™® and pZg~, we have

Nmmse
Rmmse—blk—lb ~ E{Zlog Tmmse z)}a (531)
cut-off
NSe
Reebikb ~ E{Zlog ——Bi)}- (5.32)
cutoff

Now,

~ se p mmse P
Rsebiklb — Rmmsebikcib ~ N5 log( >y ) — Ng log( mmse )
cut-off cut-off
mmse

+E{Z lOg pa;off +ﬁz) log(pa;off +Oéz)}

mmse p
) = N log(— )

~ se
~ Nflog(—
pcut off cut-off

) &~ NM™selog(—L=). So,

and hence Reepikib — Rmmse-blkb ~ 0 implies N3¢ log(—L— R
cut-of

Peut-off

we compute the point of the intersection of the rates as

se mmse mmse
N 10g pcut off Ns 10g Peut-off

Pint = Nsse — Nsmmse (533)
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Note that, in calculating the intersection points, we made approximations that

Deff & pcu’;ﬁ which is accurate when p > 1. So, our intersection point SNR will
be accurate when the intersection of the rates occur in the high SNR regime. In
Fig. 5.6, we plot the rates of SE-PAT and FDKD scheme for the parameters N = 126,
Ngelay = 14 and Npopp = 3. For this case, pin calculated from (5.33) is approximately
51 dB. From Fig. 5.6, we see that our theoretical intersection point is close to the
point obtained through simulations. For the parameters N = 96, Ngeay = 12 and
Npopp = 3, the achievable rates of SE-PAT and FDKD are plotted in Fig. 5.7 and the

theoretically calculated pjn, which is approximately 39 dB, is close to the value from

simulations.
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CHAPTER 6

MMSE-PAT FOR MIMO SYSTEMS

Multi-antenna systems are widely used in the wireless communications due to
their ability to provide high spectral efficiency by creating many “equivalent” par-
allel channels between the transmitter and the receiver. Several researchers have
analyzed the performance of MIMO systems under different fading assumptions, for
e.g. [7,19,28,33,42]. In this chapter, we extend the MMSE-PAT design for MIMO
doubly selective channels [62] and new intuitions are uncovered in the MIMO case.
For example, we show that, for independent fading between different antenna pairs,
the number of receive antennas does not affect the design of MIMO-MMSE-PAT for
DSC. We establish that the spectral efficiency of MIMO-MMSE-PAT does not nec-
essarily increase even if the number of transmit and receive antennas are increased
simultaneously. We also present the optimal number of active antennas which max-
imizes the spectral efficiency. Numerical examples are presented to illustrate the
theoretical results. The works [13,43], while similar in direction, were restricted to
non-superimposed time-domain pilots. In fact, we show that a frequency-domain
MMSE-PAT scheme achieves higher rates than the time-domain MMSE-PAT scheme
from [43] when the MIMO doubly selective channel’s time spread dominates its fre-
quency spread.
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6.1 MIMO System Model

We consider a MIMO system with 7" transmit and R receive antennas, cyclic-prefix
block transmission, and a DSC that satisfies a complex exponential basis expansion
model. Details are given below.

The sampled complex-baseband output signal {y!”[n]} at the r'* receive antenna

is related to the transmitted signal {z!?[n]} from the #'* transmit antenna via

T—1 Neelay—1
i) = VEY Y A llafn— 1) + o] (6.)
t=0 (=0
where {v!"[n]|} is zero-mean unit-variance circular (spatially and temporally) white
Gaussian noise and h"[n;[] is the time-n channel response at the r'* receive an-
tenna to an impulse applied at time n — [ on the ¢ transmit antenna. Here, Nyejay
denotes the channel’s maximum time spread normalized to the sampling interval 7,
which is assumed equal for all (r,¢) antenna pairs. The length-N transmission block®
{2[n]}N=} is preceded by a cyclic prefix of length Ngea, — 1, whose contribution is

discarded in forming y'! = [y"[0],...,y"/[N — 1]]7. Throughout this chapter, we

5When we refer to a “transmission block of length N,” we do not include the contribution from
the CP.
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assume modulo-N indexing, i.e., z[i] = z[(i) y]. With the definitions

X = diag(X", ..., X"
XU = Xf X )
X' = diag(z"[k], ..., 2"k + N —1])
h[r] — [h[r,O]T . h[r,Tfl]T:IT
7t . 'r,tT r,tT
R = [hg" R )
Ryt = [RRI0s k], ... RPN — 15 K]) T

o = 0], 0N — 1],

the DSC model (6.1) can be rewritten as

T-1
y = \/szmh[mJ + ol (6.2)
=0
h[r,OJ
= p(X9... X" : +o", (6.3)
b - BT
—_——
Rl
Collecting the observations from different receive antennas in g = [y, ..., y®UT|T,
we have
g = pXh+7, (6.4)

with X = Tr® X, h=[h"T . hE 7T and & = [p7, ... 0" V7T,

The transmit signal is constructed as z[n] = p"[n] + d"[n], where {p"[n]} is the
deterministic pilot sequence and {d"[n|} is the zero-mean data sequence. Note the
superposition of pilots and data. Using {p"[n]} and {d"[n]} to construct P and D,

respectively, in the manner of X, we see that

X = P+D, (6.5)
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which again shows the superposition of pilots and data. Similarly, we have X =
P 4 D. Defining the pilot vector p' = [p[0],...,p[N — 1]]T, the pilot energy is

constrained as

~
L

Ip"* = E,. (6.6)

t

The data vector d"' = [d"[0],...,d"[N —1]]" is obtained by linear modulation of N

Il
=)

information bearing symbols s = [s[0], ..., s"[N, — 1]]T according to
d? = BUs!", (6.7)

where B is the t*" transmit antenna’s precoding matrix. We require that the columns
of B" are linearly independent.
We assume that the channel coefficients between different antenna pairs are inde-

pendent with identical second-order statistics. The following CE-BEM describes the

tth

channel response between the r** receive and ¢ transmit antenna over the N-length

block duration. For n € {0,...,N —1} and I € {0,..., Ngelay — 1},

(NDopp 2

hingl) = f ST Ak e N (6.8)

k__(NDopp )/2

where CE-BEM coefficients {A"[k;[]} are assumed to be zero-mean uncorrelated
Gaussian with positive variance. We allow CE-BEM coefficients with possibly unequal

variances in order to model arbitrary delay profiles and Doppler spectra.

_ _ opp—1
We define the N X Npgpp matrix F' element-wise as [F|,, ,, = \/%69 Zn(m— Lo

and notice that B F = T No. With the definitions

Dopp
UO = INdeIay ® F

R B UIINPLLE S

[r,t] . ['r,t]T [r,t]T T
A - I:AO e ANdelay_ ]

)
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(6.8) becomes
A = U A, (6.9)

which is the Karhunen-Loeve expansion of b, since U'U, = T Noopp Naetny a01d sInCE
Ry = E{AMIAIHY ~ 0 is diagonal. Since we assume identical second-order statis-
tics for every transmit-receive antenna pair, we abbreviate R, by R). We assume
an energy preserving channel between each transmit-receive antenna pair such that

~ E{||h"|]*} = L tr{R,} = 1. Now, with

U = Ir3U,,
U = I;oU,
A['r] — I:A[T,O]T7 . A[T,Tfl]T]T

)

A= DT AR

we have "' = UA", h = U and

g = Jp(P+D)UX+7v. (6.10)

From the channel independence assumptions between different antenna pairs, we have
R; =E{OX"} = I;+ ® R,.

As in the SISO case, we refer to Ngeay as the discrete time spread and to Npepp
as the discrete frequency spread. In addition, we refer to Bpopp7s as the normalized
Doppler spread and to 7 = NgelayNpopp/N as the channel’s spreading index. We

restrict our focus to underspread channels for which v < 1.
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6.2 MIMO-MMSE-PAT Design

In this section, we present the MMSE-PAT design requirements for the MIMO
DSC and provide several novel MIMO-MMSE-PAT schemes. Though we assume
Gaussian fading statistics, the results in this Section are valid for non-Gaussian fading
as well.

The LMMSE estimate of h given knowledge of {#, P} and knowledge of the

second-order statistics of {h, D, %} is [53]

h = R

>
<

R, (6.11)
where R ; = E{'gfLH} and R; = E{ggy"}. Given our assumptions,
R,;, = /pPUR;U"
R, = pPUR;U"P" + pE{DUR;U"D"} + Iys.

The channel estimation error b = h — h has total MSE 02 = E{||h||?}, which is given
by [53]

0} = tw{URU" -~ RY,R;'R,;}. (6.12)
We are interested in finding the combination of energy constrained pilot vectors {p"}

and data precoding matrices { B} such that the resulting MSE &2 is minimal. We re-

fer to such combinations {p, B"} ¢t € {0,...,T — 1} as MIMO-MMSE-PAT schemes.

Theorem 7 (MSE Lower Bound). For T-transmit R-receive antenna N-block CP
PAT over the CE-BEM DSC, with the non-data-aided channel estimator (6.11), the

channel estimate MSE (6.12) obeys

-1
1, PE
O'g 2 tr { (RAI + N—YI:INDopdeelayRT) } ) (6]‘3)
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where equality in (6.13) occurs if and only if the following conditions hold:

1. Pilot-Data Orthogonality:

(PU)'DU = 0,vD (6.14)
2. Optimal Excitation:
E
PO'PU = 22T 6.15
(PU) NT (6.15)

When (6.14)-(6.15) are met, R;j = E{ﬁﬁH} and R;, = E{ﬁle} are given by

-1
— _ pE — H
Ril = U (Rj\l —+ N—;INDopdeelayRT) U (616)
7 1, PEp il et
Rﬁ == U Rj\ - R;\ + WINDOpdeeIayRT U . (617)
Proof. See Appendix E.1. O

PU and DU are composed of blocks of the form P"U, and D"U, respectively,
corresponding to each transmit-receive antenna pair. An analysis of these blocks
using techniques similar to the SISO case (Chapter 4) can be used to re-state the
MSE optimality requirements (6.14)-(6.15) in terms of the pilot sequence {p![i]} and
data basis sequence {b)[i]}, where p'[i] = [p"]; and bY)[i] = [B"];,. We use the
following index sets in the sequel: Ngeay = {—Nuaelay + 1, o, Neelay — 1}, Npopp =

{~Noopp + L eres Npopp — 1}, T = {0, .., T — 1} and Q = {0, ..., N, — 1}.

Lemma 6 (Time Domain). For T-transmit R-receive antenna N-block CP PAT over

the CE-BEM DSC, the following are necessary and sufficient conditions for equality
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m (6.]3). Vk € Ndday,Vm € NDopp,Vti eT,Vqge Q

N-1 ,

Zbgl][i]p“?]*[i—k]e_jﬁﬂmi - 0 (6.18)
i=0

N-1 ) E

D PP i — e F T = ZrdkamIdlt — ta]. (6.19)
i=0

Similar to the SISO case, the MMSE optimality (6.18) requires that the pilot and
the data components of the received signal lie in orthogonal subspaces so that the
linear estimate (6.11) is impervious to interference from unknown data. With MIMO
systems, the MMSE optimality condition (6.19) requires that the received pilot com-
ponents corresponding to different transmit antennas lie in orthogonal subspaces.
This is intuitively satisfying since our channel independence assumptions imply that
the received pilot contribution from one transmit antenna is not useful for the estima-
tion of channel coefficients corresponding to other transmit antennas. We note also
that the number of receive antennas R does not affect the MIMO-MMSE-PAT design
requirements in Lemma 6, and hence the multiple receive-antenna MMSE-PAT de-
sign problem reduces to a single receive-antenna MMSE-PAT design problem. In fact,
the symmetry among different antenna pairs implies that the MMSE-PAT design for
a particular receive antenna suffices as the MMSE-PAT design for the other receive
antennas. Here again, cooperation among the estimators of channels for different
receive-antennas is ineffective due to the independence of these channels.

Next we establish the duality of time- and frequency-domain MIMO-MMSE-PAT.
Using the N-point unitary DFT matrix F'y, we define the frequency-domain pilot vec-
tors and data precoding matrices, p'”' = Fyp! and B"=F ~B", respectively. The
MIMO-MMSE-PAT requirements (6.18)-(6.19) are rewritten in terms of {p"’, B [t]}te']'
in the following Lemma, using p[i] = [p"]; and Bg] i| = [B M]ivq.
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Lemma 7 (Frequency Domain). For T-transmit R-receive antenna N-block CP PAT
over the CE-BEM DSC, the following are necessary and sufficient conditions for

equality in (6.13). Yk € Npopp, VM € Nyelay, Vt; € T, Vg € Q

N-1
Z Bl )i — ke /®m™ = 0. (6.20)
0
N-1

i

P[] pt i — k]e—j%ﬂmi = %5[/{;]5[771]5[151 — o). (6.21)
0

7

Since the conditions in Lemma 7 are same as those of Lemma 6, with the exception
of the time spread Ngeay and frequency spread Npopp interchanging their roles, we see
that every time-domain MIMO-MMSE-PAT has a frequency-domain dual. This result

is stated precisely as follows.

Lemma 8 (Duality). If {p", B"},c7 specifies a T-transmit antenna MIMO-MMSE
N-block CP-PAT scheme for a CE-BEM DSC with time spread Ny and frequency
spread Ny, then {Fyxp", FyB"}cr specifies a T-transmit antenna MIMO-MMSE
N-block CP-PAT scheme for a CE-BEM DSC with time spread Ny and frequency

spread N .

Time-frequency duality is a well-known and fundamental concept (see, e.g., [17])
and its applicability to SISO-MMSE-PAT schemes for the DSC was demonstrated in
Chapter 4. Here we have established that the time-frequency duality also extends to
the more general case of MIMO-MMSE-PAT for the DSC.

For MIMO-MMSE-PAT, we now present bounds on the number of data symbols
that can be transmitted from each antenna, i.e., the rank of the data precoding
matrices {B"},c7. Given pilot vectors {p},c7 satisfying (6.19), precoding matrix

B" ¢ CN*Ns which satisfies (6.18) can be constructed as follows. Defining the
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v

(2Npopp — 1) x N matrix F eclement-wise as [Fpm = \/—lﬁe_j%("_NDW“)m, and then

defining

P = diag(p"[k],...,p"[k + N —1]),

t ¥y tH
Wl = FPM
t )T T T
WH = |:‘)‘/[_]]Vdelay'i'l T ‘J/B\}delay_l:| )
W = [WborT.. Wit (6.22)

condition (6.18) becomes Wbl = 0, implying that, for each g, the vector b’ must lie
in the null space of W. This can be achieved by choosing the columns of B as a basis
for null space of W, and hence data dimension Ny must obey N, < dim(null(W)).
For the case when N; = dim(null(W)), Ny, the number of information symbols per
MIMO-MMSE N-block CP-PAT per transmit antenna, can be bounded as follows.
Note from (6.22) that the T NpoppNgelay rows of (PU)" are contained within the
T(2Npopp — 1)(2N4gelay — 1) rows of W. In order to satisfy (6.15), those rows must
be orthogonal. Thus, T"Npoepp Naelay < rank(W) < T'(2Npopp — 1)(2Ngelay — 1), which

means that (6.18)-(6.19) imply
N —T(2Npopp — 1)(2Ndetay — 1) < Ny < N — T NpoppNdelay- (6.23)

From (6.23), we see that MIMO-MMSE-PAT sacrifices at least T Ngejay/Npopp, but no
more than 7' (2Ngelay — 1)(2Npopp — 1), signaling dimensions per transmit antenna.
Recall that Npepp/Vaelay describes the number of degrees of freedom in the DSC per
each transmit-receive antenna pair and T'NpeppNgelay denotes the number of (inde-
pendent) channel coefficients to be estimated at each receive antenna. Increasing T,
increases the number of parameters to be estimated and thus reduces the number of
data symbols from each antenna.
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6.2.1 MIMO-MMSE-PAT Examples

Now, we present several examples of N-block CP MIMO-MMSE-PAT schemes for

the CE-BEM DSC using the {p", B"};cr parameterization.

Example 6 (MIMO-TDKD). Assuming Név € 7, consider the pilot index sets P,

and the guard index set G;:

Pl = {£+ tNoetay, £ + tNagtay + 52—, ., £ + t Nyeray + L2201

N, Dopp

gt - U U {_Ndelay +1+ ]{Z, s Ndelay -1+ ]f}
tETkePtM

An N-block CP MIMO MMSE-PAT scheme for the CE-BEM DSC'is given by

_Ep  _j6q) [t]
\/ e?l S
p[t] [q] = { T'Noopp (6 24)

0 Q¢ P/

and by B constructed from the columns of Iy with indices not in the set G,. Both
e A0,..., % — 1} and 0[q] € R, are arbitrary. The corresponding data dimension
opp

per transmit antenna is Ny = N — (T + 1) Npopp Ndelay + Nbopp-

Example 7 (MIMO-FDKD). Assuming +— - € Z, consider the (frequency-domain)

pilot index sets 73][3] and the guard index set (]f:

P[t] _ {£+tNDopp7£+tND0PP+Nj\;a g_'_tNDopp—i_W}

9r = U U {—Npopp + 1+ k, ..., Npopp — 1 + k}.
tETkePJ[f]

An N-block CP MIMO-MMSE-PAT scheme for the CE-BEM DSC'is given by p') =

FRp" with

[_Ep . iblal 4 c pld
ﬁ[t][q] — { TNdeIaye q f (625)
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and by B constructed from the columns of inverse DFT matriz FY. with indices
not in the set Gy. Both { € {0,...,% — 1} and 0lq] € R, are arbitrary. The

corresponding data dimension per transmit antenna is Ny = N — (T + 1) Npopp Naelay +

Ndelay-

Example 8 (MIMO-Time-Domain-Chirp). Assuming even N, an N-block CP MIMO-

MMSE-PAT scheme for the CE-BEM DSC is given by

p[t] [q] — / %6]2{; (%q2+tNDopdeelayQ> (626)

[B[t]] _ 1 6]%” (%q2+(m+TNDopdeelay)Q) (627)

q,m \/N )
forqe{0,...,N—1} andm € {0,..., Ny—1}, where the data dimension per transmit

antenna is Ny = N — (T + 1) Npopp Ndelay + 1.

Example 9 (MIMO-Frequency-Domain-Chirp). Assuming even N, an N-block CP
MMSE-PAT scheme for the CE-BEM DSC is given by p¥' = FYp" and B"Y =

=[]

FYB", with

25[75] [q] — / %6j%<%q2+tNDopdeelayQ> (628)

[B[t]] _ 1 6]‘%\'(%q2+(m+TNDopdeelay)Q) (629)

q,m \/N )
forqe {0,...,N—1} andm € {0,..., Ny—1}, where the data dimension per transmit

antenna is Ny = N — (T + 1) Npopp Ndelay + 1.

It is straightforward to verify that the above examples satisfy the MIMO-MMSE-
PAT requirements (6.18)-(6.19). The structure of MIMO-TDKD is similar to the
MMSE-PAT scheme from [43], with the difference that [43] focused on zero-padded

(ZP) block transmissions. We undertake a detailed comparison of ZP and CP schemes
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in Section 6.5. For CP transmissions with (time) superimposed pilots, we see that
there exist other MMSE-PAT schemes, e.g., MIMO-FDKD and MIMO-Chirp schemes.
For the MIMO-TDKD scheme (illustrated in Fig. 6.1), the impulsive nature of the
equi-spaced pilot blocks yields direct estimates of the channel’s time varying im-

pulse response. The spacing between the pilot impulses of each transmit antenna

N ~ 1
'7 NDopp 2BDopp

(i.e ) is such that a time-domain Nyquist sampling criterion is satis-
fied, and the guard zeros in each pilot block are constructed to prevent interference
from data and pilot symbols transmitted by other antennas. MIMO-FDKD can be
recognized as the frequency-domain dual of MIMO-TDKD, where the pilot-impulse
spacing is chosen so that a frequency-domain Nyquist criterion is satisfied, and where
the roles of Ngelay and Npgpp reverse. Though the MIMO-Chirp schemes has pilot
and data components that overlap in time and frequency, the pilots and data are still
linearly separable at the channel output, as required by (6.14). We note that the
MIMO-Chirp schemes may have advantages over MIMO-TDKD and MIMO-FDKD

in peak-to-average power ratio.

6.3 Achievable Rates of MIMO-MMSE-PAT

We now calculate bounds on the ergodic achievable rate of MIMO-MMSE-PAT
for the CE-BEM DSC from Section 6.2, paying special attention to the high-SNR
regime. As in the SISO case, we consider Gaussian codes and mismatched weighted
minimum distance decoding. Our unified achievable-rate analysis holds for an arbi-
trary {p"¥, B"},c7 MIMO-MMSE-PAT scheme, where the pilot vectors {p"},c7 and

the data precoding matrices { B"},c7 satisfy the requirements of Lemma 6.
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Transmit antenna 0:

data data data data
(‘) Ll ‘ A | Ll S | Ll S | ‘ time
¢ /Vdelay -1 V-1
_N_
Nbopp

Transmit antenna 1:

data data data data
; | | \v Ll ‘ L1l S | Ll S | Ll ‘ time
0 k“"]\/vdelayf1 N -1
_N_
Nbopp

Figure 6.1: Structure of 7' = 2 MIMO-TDKD for DSC with Ngelay = 5 and Npopp = 3.

We consider MIMO-MMSE-PAT schemes for the model discussed in Section 6.1.
Now, we assume that the columns of precoding matrix B" are orthonormal (whereas
earlier B'" was specified as full rank). Note that, for the purpose of ergodic achievable-
rate analysis, this assumption can be made without loss of generality, since the mu-
tual information between s and y remains unaffected by invertible transformations
of 5. Suppose that the MIMO-MMSE-PAT scheme {p", B"},c for the CE-BEM
DSC has total pilot energy E, [recall (6.6)] and yields per-transmit-antenna data
dimension N,. We define the data energy E{>., ' [|d"|]?} = B{>. s“]*} =
E, the total transmit energy Fix = FE, + E,, the average transmit power o? =

~ ;F:_Ol Zivz_ol E{|2"[n]|*} = &=, We require that Ey < N and p is the signal-to-

2 _ E
s — TN,"

noise ratio of the system. In addition, we define the normalized signal power o
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In the sequel, we analyze the ergodic achievable rates of MIMO-MMSE-PAT schemes
{p", B"},c7 over the CE-BEM-DSC.
It will be convenient to define H"" € CN*¥ element-wise as [H"™"],, ,,, = h"[n; (n—

m) ], so that the input-output relation (6.3) becomes

y" = Vp[H" . H" (P + B3) + v, (6.30)

g

H"

where p = [p7, ..., p™IT]T, 5 = [s°7, .. 8" 47T and B = diag(B", ..., B"").
Then, defining H = [H™" ..., H" 7|7 we collect the observations of all receive
antennas into g = [y, ..., y®IT]T such that

gy = pHp+ /pHBS3 + v, (6.31)

with @ = [T, .. v®EUT]T Similar to H, we construct H and H using h and h

respectively. To present the bounds, we use the normalized channel estimate

H = H\/NRIJu{R;} so that E{H H} = E{H"H} = RI;.

Theorem 8 (Achievable-Rate Bounds). For the T-transmit R-receive antenna N -
block CP MIMO-MMSE-PAT scheme {p", B“},cr with i.i.d. Gaussian § € CN+ over

the CE-BEM DSC, the per-block ergodic achievable rate Ruymse-bik 0beys

Rmimo—mmse—blk—lb S Rmimo—mmse—blk S Rmimo—mmse—blk—ub; where

Rmimommsebils = B{log det(T + pp B"H' HB]} bits/block  (6.32)

Rmimo—mmse—blk—ub == E{log det[I + pubBHI—{H B]} bZtS/blOCk (633)

o2 tr{R;
P = 2p s r{H) (6.34)
Tpo?tr{R;} + NRT
P = po-. (6.35)
Proof. See Appendix E.2. O
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The lower bound (6.32) describes the worst case scenario of channel estimation
error acting as CWGN. This concept was previously used in, e.g., [41]. The upper
bound (6.33) describes the best case scenario of perfect channel estimates. In the next
section, we study the time and bandwidth requirements of each block and rewrite
these rates in units of bits/sec/Hz.

Now, we characterize the high-SNR asymptotics of the achievable-rate R mimo-mmse-blk

of MIMO-MMSE-PAT schemes.

Theorem 9 (Asymptotic Achievable Rate). For an N-block CP MIMO-MMSE-PAT
scheme operating over the CE-BEM DSC with T transmit and R receive antennas,
and with per-transmit-antenna data dimension Ny, the per-block ergodic achievable

rate Rmimo—mmse—blk obeys

Rmimo—mmse—blk(p) = mlH{R(N — TNDopdeelay)a TNS} logp + 0(1), bZtS/blOCk‘

(6.36)
as p — 0.
Proof. See Appendix E.3. O

The pre-log factor in R mimo-mmse-bik can be interpreted as follows. Since each trans-
mit antenna is allocated only N, data dimensions, the total number of data symbols
transmitted per block is T'N,. At each receive antenna, the observations correspond-
ing to MIMO-MMSE-PAT pilot symbol PUX" uses up T NpoppNaelay dimensions
[recall (6.15)], leaving only N — T'NpeppNgelay data observations, due to the require-
ment for pilot-data orthogonality at the channel output [recall (6.14)]. Thus, at most
min{ R(N — T'NpoppNdelay), I' N} data symbols per N-block can be “resolved” at the

receliver.
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Increasing the number of transmit antennas increases the total number of data
symbols that can be transmitted but also increases the number of channel parameters
that need to be estimated. For this reason, the asymptotic achievable rate of MIMO-
MMSE-PAT does not necessarily increase with the number of antennas. To see this,
with @ = min{ R(N —T NpoppNgelay), TN } denoting the pre-log factor, note that @ <
TNy <T(N —T NpoppNgelay), using the bound (6.23) on N,. As a continuous function
of ¢, t(N — t NgelayNpopp) 1s a parabola whose maximum attained at t = WNNDOW It

follows that increase of number of receive and transmit antennas beyond [ﬁ}
elay £V Dopp

does not increase the pre-log factor. In fact, increasing the number of transmit

antennas beyond [ | decreases the pre-log factor. Hence, it is worthwhile

N
2]Vdelay]\[Dopp
to determine the number of active transmit and receive antennas, T, € {1,...,7T}
and R, € {1,..., R}, which maximize the pre-log factor in Rymse.bik- Note that T}
and R, depend on the choice of MIMO-MMSE-PAT scheme through data dimension

N;. For the MIMO-MMSE-PAT examples from Section 6.2.1, we have

R, = R (6.37)
min (T, Im — %1) if 52 < 4R*NNde|ayNDopp7
T* - : 5_\/§2_4R*NNDopdeelay (638>
min ( 7, S Now Noum else.
€ = N+ (Ri — 1)NpoppNaelay + & (6.39)

where £ = 1, Ngelay, and Npepp for Chirp schemes, FDKD, and TDKD, respectively.
In (6.38), II denotes rounding up or down to the nearest integer depending on
the which gives higher pre-log factor. Derivation details are given in Appendix E.4.
Note that, in some cases, the transmitter uses strictly less than 7" antennas. Similar
results were obtained for MIMO flat-fading and time-selective channels in [7] and [9],
respectively.
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6.4 Pilot/Data Power Allocation

Until now, the MMSE-PAT schemes were designed using fixed pilot energy E,.
Now we consider the problem of allocating a fixed transmit energy Ei.; between pilots
and data in order to maximize pj,. Letting o € [0, 1] denote the fraction of energy
allocated to the data symbols, i.e., By = aFio and E, = (1 —«a)Ei, we are interested
in finding o, = argmax, pp(a). The value of «, is obtained by finding the value of
a which sets dp;/da = 0.

For the general case of Ry, it is difficult to obtain a closed-form expression for a.
For the case of identically distributed coefficients, i.e., Ry = +—2~—1I, the desired

NDopdeela

value of « is given by

— 4/ 62 if Ng > TNDopdeelay
Qyiid = /6 + V /62 if N < TNDopdeelay (640)

2 if N TNDopdeelay

1+ TNDopdeeIay
ﬁ _ pErot (6 41)
1 _ TNDopdeeIay : :
N,

Furthermore, it can be shown that «, jq maximizes the achievable rate lower bound
(6.32) for the i.i.d. BEM case. To see this, note that H and H have same distribu-
tion, so that the power allocation fraction o affects Rmimo-mmse-bik-1b Only through pyp.
Since Rmimo-mmse-blk-Ib 1S an increasing function of py,, maximizing py, is equivalent to
maximizing Rmimo-mmse-blk-Ib-

Returning to the case of general Ry, closed-form solutions of «, are tractable
for the high-SNR and low-SNR asymptotic cases. In particular, it can be shown
that argmax, lim, o o, = 1 and arg max, lim, o pip = lim, .o @y jig, Which can be

2

calculated from (6.40) with 3 = (1 — T'NpoppNdelay/Ns)
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While achievable-rate bounds and pilot/data power allocation for a particular
MIMO-MMSE-PAT scheme was obtained in [43], the results here hold for arbitrary

MIMO-MMSE-PAT schemes.

6.5 Streaming MIMO-MMSE-PAT

In this section, we find the spectral efficiency of a system which transmits a stream
of blocks, where each block is constructed according to the MIMO-MMSE-PAT prin-
ciples discussed earlier and separated from its neighbors (by guards) to prevent inter-
block interference at the channel output. We pay attention to the MMSE-PAT ex-
amples from Section 6.2.1 and the zero-padded MMSE-PAT scheme from [43]. The
streaming of blocks is motivated from the requirement to code over many blocks to
achieve the ergodic rates described in Section 6.3. Streaming also makes clear the
inter-block guard requirements.

We assume that the continuous-time baseband pulse used for modulation is (ap-

proximately) time-limited to [—%, %] seconds and band-limited to [—2%, 217] Hz,
where 7; denotes the system’s sampling interval. To compute the time consumed
in block transmission, we include the guard overhead. To compute the bandwidth
consumed in block transmission, we measure the bandwidth of the signal at the chan-

nel output, as would be relevant when considering the egress onto adjacent frequency

bands. We assume uncorrelated data symbols (e.g., from an i.i.d. Gaussian code-

book) and assume that N is large enough to make the approximation 28; ~ Nt}ffp;_l
opp s

accurate.

For the MIMO-TDKD scheme in Section 6.2.1 constructed with ¢ = % —T Nyelay,

the transmitted block (for every antenna) includes built-in zero-padding, eliminating
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the need for an explicit guard. (See Fig. 6.2.) This streaming zero-padded (SZP)

MIMO-TDKD scheme is identical to the scheme proposed in [43] and its per-block

N+ Npepp—1 Hz

time and bandwidth consumption are N7 seconds and % + 2Bpopp X — 57

(See Fig. 6.2.) The streaming MIMO-FDKD scheme from Section 6.2.1 constructed

with ¢ = & — T Npopp, referred as SCP-MIMO-FDKD, has per-block time and

Ndelay

N—Npopp—1 ~ 1
N, _'_QBDopp ~ T HZ,

bandwidth consumption of (N + Ngelay — 1) 7 seconds and
where the bandwidth is less than that of SZP-MIMO-TDKD due to null subcarriers.
(See Fig. 6.2.) Since the streaming-chirp schemes does not have a built-in time-
domain guard nor null subcarriers, it consumes (N + Ngelay — 1)7Zs seconds per block
and %{P_l Hz. (See Fig. 6.2.) See Chapter 4 for more details on the time and
bandwidth consumption of streaming block transmissions over the DSC.

We define SNR as the ratio of signal power to noise power observed at the output
of the pulse-shaping filter associated with any receive antenna. Because the discrete-
time channels between all transmit-receive antenna pairs were assumed to be energy
preserving, SNR can be equivalently described as the ratio of total transmit power to
per-antenna received noise power. It can be easily verified that SZP-MIMO-TDKD,
SCP-MIMO-FDKD and SCP-MIMO-Chirp schemes have the same average transmit
power of % and hence can be fairly compared under the SNR p.

Dividing the per-block achievable rates (6.32), (6.33) and (6.36) by the factor ¢ (in
units of sec Hz per block) gives the streaming MIMO-MMSE-PAT achievable rates in

units of bits/sec/Hz, where ( = N + Npopp — 1, N + Ngelay — 1, (N+Nde'ay_1§\(,N+ND°pp_1)

for SZP-MIMO-TDKD, SCP-MIMO-FDKD and SCP-MIMO-Chirp schemes respec-
tively. Denoting the pre-log factor of a bits/sec/Hz asymptotic-rate expression by 7,

it is straightforward to show that for integer Ngelay and Npopp, Ndelay = Npoopp <
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Figure 6.2: Time and bandwidth occupation for several streaming T = 2 MIMO-
MMSE-PAT systems designed for DSC with Ngeay = 3 and Npep, = 3. Lightly
shaded shows channel input and darkly shaded shows channel output.
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IMIMO—FDKD = MiMo—Tpkp and vice versa. In other words, the relative spectral ef-
ficiency of SCP-MIMO-FDKD and SZP-MIMO-TDKD (from [43]) depends on the
relative time-frequency spread of the channel. It is also easy to see that Jmimo—chirp 1S
less than both nvimo—Tokp and mvimo—rokp for all integer pairs (Ngelay, Noopp) 7 (1, 1).
Clearly, a higher spectral efficiency translates into a higher achievable rate as SNR

grows.

6.6 Numerical Results

In this section, we present numerical examples of the achievable rate of several
streaming MIMO-MMSE-PAT schemes. For this purpose, we evaluate the achievable
rate bounds derived in Section 6.5 (in units of bits/sec/Hz) for the SZP-MIMO-
TDKD, SCP-MIMO-FDKD, and SCP-MIMO-Chirp schemes, using the power allo-
cation procedure described in Section 6.4. In all cases, we consider block size N = 126
and R = 2 receive antennas, and we plot the bounds over the SNR range of practical
interest.

In Figures 6.3 and 6.4, we show results for 7" = 2 and a CE-BEM DSC with
Nyelay = 9 and Npepp = 3. These discrete spreading parameters correspond to a
spreading index of v ~ 0.07, as would result from, e.g., carrier frequency f. = 80
GHz, sampling interval 7; = 1 psec, maximum mobile velocity vp.x = 150 km/hr,

and a channel delay spread of 9 usec. Figure 6.3 corresponds to the case of uniform

N
NDopdeeIay

decay and uniform Doppler profile such that R, = I. There we employed the

power allocation fraction given in (6.40). Figure 6.4 corresponds to exponential decay

and Jakes Doppler profile such that E{|\(k; 0)|*} = xe “1(BE,,, — k*(NT;)~2)~%5,

Dopp

where x is chosen such that tr{R,} = N. There we employed equal power allocation
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between pilots and data. In both Fig. 6.3 and Fig. 6.4, we observe that SCP-MIMO-
FDKD achieves a higher rate than do SZP-MIMO-TDKD and SCP-MIMO-Chirp
schemes in the high SNR regime, since Ngelay > Npopp- In Fig. 6.5, for the same
channel parameters with i.i.d. BEM coefficients, we study the performance of SCP-
MIMO-FDKD with T € {1,2,3} transmit antennas. We find that the high-SNR

achievable-rate is maximized when 7' = 2, coinciding with 7} from (6.38).

7 T T

—+&— Lower Bound: SCP-MIMO-Chirp
—<— Lower Bound: SZP-MIMO-TDKD
—6— Lower Bound: SCP-MIMO-FDKD P
6 — 8 — Upper Bound: SCP-MIMO-Chirp Y
— ¥ — Upper Bound: SZP-MIMO-TDKD R
— © — Upper Bound: SCP-MIMO-FDKD P // - 8

bits/sec/Hz

! !
0 5 10 15 20 25
SNRin dB

Figure 6.3: Achievable rates for 7' = 2, R = 2 MIMO system over a Ngeay = 9,
Npopp = 3 DSC with uniform decay and Doppler profile.
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—6— Lower Bound: SCP-MIMO-FDKD P
— 8 — Upper Bound: SCP-MIMO-Chirp Y
— ¥ — Upper Bound: SZP-MIMO-TDKD 7

— © — Upper Bound: SCP-MIMO-FDKD e 4

(o]
T

bits/sec/Hz

0 5 10 15 20 25
SNRin dB

Figure 6.4: Achievable rates for 7' = 2, R = 2 MIMO system over a Ngeay = 9,
Npopp = 3 DSC with exponential decay and Jakes Doppler profile.
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Figure 6.5: Achievable rates of SCP-MIMO-FDKD with 7" € {1,2,3} transmit

tennas and R = 2 receive antennas.
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CHAPTER 7

CONCLUSIONS

In this dissertation, we considered the problem of designing communication sys-
tems for noncoherent doubly selective channels and analyzed their performance in the
high-SNR regime. In the high-SNR asymptotic regime, we characterized the prelog
factor of the channel capacity, when the channel input is constrained to be a continu-
ous random vector. We also addressed the design of pilot aided transmissions for this
channel based on two different criteria: minimize the MSE of channel estimates and
maximize the prelog factor of achievable rates. In this chapter, we present a summary
of the original work in this dissertation and also give possible directions for future

research.

7.1 Summary of Original Work

We characterized the noncoherent doubly selective channel’s capacity in the high
SNR regime under the constraint that the channel input is a continuous random vec-
tor. For CE-BEM DSC, we establish that the constrained capacity grows logarithmi-
cally with SNR with a slope of 1 — v where the spreading index v = NpoppNdelay/N

is related to the delay spread and the Doppler spread of the DSC.
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We designed PAT schemes based on minimizing MSE criterion. We obtained
necessary and sufficient conditions for the pilot/data pattern to attain the minimal
MSE given a constraint on the pilot energy. The conditions require that the pilot and
data should not “interfere” at the channel output. Also, the pilot signal has to be
chosen to excite all the uncorrelated channel modes in an orthogonal manner. We also
established that the MMSE-PAT schemes occur in time-frequency dual pairs. Based
on these results, we designed novel MMSE-PAT structures for DSC. Analyzing the
ergodic achievable rates of MMSE-PAT schemes, we establish that a frequency domain
MMSE-PAT (FDKD) outperforms a time-domain MMSE-PAT (TDKD) from [13],
when the DSC’s discrete delay spread Nge,y dominates its discrete Doppler spread
Npopp- We proved that the prelog factor of the ergodic asymptotic achievable rates
of all the MMSE-PAT schemes is strictly less than that of constrained capacity, for
strictly doubly selective channels (i.e., Ngelay > 1, Npopp > 1).

We considered design of PAT schemes whose rates achieve the optimal prelog
factor 1—v. We presented sufficient conditions on the pilot/data pattern to achieve the
optimal prelog factor and gave a novel spectrally efficient PAT scheme satisfying those
requirements. We also compared the performance of the SE-PAT and MMSE-PAT
schemes through simulations. Agreeing with our theoretical results, our numerical
results showed that the SE-PAT scheme achieves higher rates than the MMSE-PAT
schemes if the SNR is high enough. We also found that, in the moderate SNR
regime, MMSE-PAT schemes may achieve higher rates than SE-PAT. We theoretically
computed approximate thresholds on the SNR values to find the regions in which a

particular PAT scheme achieves rates higher than others.
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We also extended the MMSE-PAT design for MIMO doubly selective channels. In
the MIMO case, we showed that, for independent fading between different antenna
pairs, the number of receive antennas does not affect the design of MIMO-MMSE-
PAT for DSC. We also established that the spectral efficiency of MIMO-MMSE-PAT
does not necessarily increase even if the number of transmit and receive antennas are
increased simultaneously. We also presented the optimal number of active antennas
which maximizes the spectral efficiency, for the given values of system parameters

(block size N) and the channel parameters Ngelay and Npopp.

7.2 Possible Future Research

Previous works on characterization of the capacity of noncoherent channels focused
on low SNR or high SNR regime. The characterization of channel capacity in the
intermediate finite SNR regime is still an open problem even for simple flat fading
channel models.

Most of the results in multi-user wireless networks are based on the assumption
that the channel state information is available at either the transmitter or the receiver.
How does the lack of CSI affects the capacity and the achievable rates in those scenar-
ios is an interesting problem to investigate. In the single user case, we saw that there
is a “pre-log factor loss” proportional to number of unknown channel parameters. In
the multi-user scenario, with perfect apriori CSI, the performance of opportunistic
communication techniques (which allocates the time/bandwidth resources to the user
having the best channel) improves with the number of users. But, in the noncoherent
setting, how to design opportunistic communication schemes and how they perform

with the increase in the number of users is a possible research direction.
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In the high SNR regime, for SISO channels (flat, time selective, frequency selective
or doubly selective) the PAT schemes are required to sacrifice signaling dimensions
whose number is at least the number of unknown channel parameters to avoid the
error floor in the decoder which treats the channel estimation error as a part of
effective noise. But, in the moderate SNR regime, if some of the fading coefficients
have very small variance, then it might not be “worth” sacrificing some signaling
dimensions to estimate them. Analyzing the effect of SNR and the variance of the
unknown channel fading coefficients jointly is a possible future research.

All our results in this dissertation are based on the CE-BEM approximation of
doubly selective block fading DSC. In general, when the block size is relatively small,
due to the leakage effects of rectangular windowing, there will be some small variance
inter-carrier interference coefficients in the frequency domain. How does these small

coefficients affect our results is also a research possibility.
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APPENDIX A

DERIVATION OF CHANNEL FADING STATISTICS

A.1 Discrete-Time Channel Statistics

Equations (2.6) and (2.2) can be used to obtain

E{h[n;|h*[n —p;l —q]}

= [ [ ] [vawe-newe -

E{h(t + nTg; 7 + IT)h* (' + nT; — pTg; 7' + 1T — qT5) }dtdrdt' dr’

= [ [ ] [vawe-newe -

Risgaeay(t = ¢+ pTi 7 +1T)3(r — 7' + qTo)dbdrdt' dr’

= [ [ [ewue-newe -1 +am)

Rlag;delay (t —t + p,];; T = q,]; + l,];)dthdt,

If we assume that the coherence time is larger than 7, then the limited time-support
of ¢ (t) implies that ¢(t) Riag.delay(to + t; 7) & () Riag:delay (to; T), in which case
E{h[n;{]h*[n — p;1 —ql}
~ ///’l/) t — '7- )¢*(t/ — 7+ q,];)Rlag;delay(p,];; T — q’]; + l'];)dthdtl
= / (T)A<T - qT>R|ag delay(pT QT + lT)d
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for A(1) = [¢(t)v*(t — 7)dt such that A(0) =1 and [ |A(7)[*dT = Cy. Due to the

limited time-support of A(7), we have

E{nln; ] n —p;l — g} =~ 5[(]]/|A(T)|2R|ag;de|ay(p7;;7'—i—l'];)dT (A1)

~ Rlag;delay(p,];; 17;) 6[(]]01!17 (AZ)
where the second approximation holds when Rj,g.gelay (fo; 7) is & smooth function of 7.

A.2 Basis-Expansion Statistics

From (2.8), we know A[k;1] = \ﬁ SN R eI ® ™ for k€ {0,...,N — 1}, so

that

E{AK; l]k*[k —pil—dql}

N—-1N-1
= = Z Z E{h[n;|h*[n';1 — q]}e—] 2% [nk—n’ (k—p)] (A3)
n=0 n’/=0
1 N—-1N-—
~ N Z Z Rlag delay n —n )7;7 l'];) —i% A [(n—n")k+n'p)] (A4)
n=0 n/=
N-1 . )
- Cwé[ ] Z |N o m|Rlag:de|ay(mT e’ Xk~ Z e IN"P )
=—N+1
N-1
= Cydlqlé[p] Z |N — m‘Rlag;daay(m’Z;l’];)e—ﬂzvmk (A.6)

=—N+1

where we have used (2.7) for the approximation in (A.4). Recalling that Rj,g.delay(, -) =

f RDopp;deIay(f; ')€j2ﬂftdf7

E{\[E; N[k —pl — q]}

= Cydlgldlp] > (N —|ml]) / Rpoppidelay (f3 175)e ™ BU=%5)qf (A7)
m=—N-+1
. ,,];N 2 /
— Cd}é[(ﬂa[p]/RDopp;delay(f/+NLIZ;JZ) <%) df (AS)

2
imo __ [ sin(¢pN/2
where for (A.8) we used Z N+1( — |m|)ei™? = ( Sir(l(qb/é))) :
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APPENDIX B

PROOFS OF ASYMPTOTIC CHANNEL CAPACITY
RESULTS

B.1 Proof of Theorem 1

Defining the two vectors

Ys = [y[0]7 A y[NDopdeelay - 1“T (Bl)

Y, = [y[NDOPPNdeby]’""’y[N_ 1“T’ (B'Q)

and using the chain rule for mutual information [51], we have I(y; ) = I(y,; ") +

I(y,;x’|y,). Using h(-) to denote the differential entropy, we have

Wy, z’|ly,) = h(y,ly,) —h(y, |y, z*) (B.3)

< h(y,) —h(y,|ly,,z", H) (B.4)

since conditioning reduces entropy. Because of the power constraint on the input,
the covariance of y,, R, can be bounded as R, < (kp+ 1)In_n,,, No.,, for some
constant k£ € R and k£ is independent of p. Since Gaussian distribution maximizes the
entropy for a given covariance matrix, we have h(y,) < logdet[(kp + 1)1 n— Ny, Noop -

Now, h(y,|y,, z*, H) is equal to the entropy of the unit variance white noise term
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in y,, which is bounded and independent of p. So, we have lim,_.. % =

N — NDopdeeIay-

What remains to be shown is that lim, I("l’;g;”;p) = 0. Using the chain rule for
mutual information again, we have
]VDopp]Vdelay_1
Wyge) = Ioka)+ > Lyl lyo], ... yli — 1)) (B.5)

1=1
NDopdeeIay_ 1

< Ilha)+ >, Uylilie,y[0], .. yli - 1]). (B.6)

i=1
We shall analyze each term in (B.6) separately. We define the vectors &? = [z[i], ..., z"[i—
Nyelay + 1]]7 and their “complements” &7, which are composed of elements of x* not
in «f. With these definitions, the first term in (B.6) can be written I(y[0]; z*) =
I(y[0]; &) +1(y[0]; &f|xf). Conditioned on xf), the uncertainty in y[0] is due to channel
coefficients and additive noise which are independent of &]. Hence, I(y[0]; Z§|xf) = 0.
Now, I(y[0]; &) corresponds to a overspread channel (i.e., one observation with Nyelay
unknown channel coefficients) and, using the result from [52], we have I(y[0]; xf) <

I(y[0];=*

loglog p+ O(1). Hence lim,_,, oz p ) = 0. Now considering the general term inside

the summation of (B.6),

I(y[d]; =, y[0], ..., y[i — 1])

= Iyl =) +Uylil; 27|2) + Lyld; y[0], ..., y[i — 1]|x”),
——

A - - >
Vo Vv
<loglog p+0O(1) =0 T;
it remains to be shown that lim, 102 =

Recall that y and h are jointly Gaussian conditioned on x”. In terms of differential
entropies, I(y[i]; y[0], ..., y[i — 1]|x*) = h(y[i]|x*) — h(y[d]|x*, y[0], ..., y[i — 1]). It easily

follows that
Ndelay_ 1

h(ylillz") = Eflog(1+p Y E{|hli; 41"l — A1)}, (B.7)

£=0
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where the expectation is with respect to . Now, given {y[0], ..., y[i—1]}, we split y|i]
into MMSE estimate and error as y[i] = E{y[d]|y[0], ..., y[¢ — 1]} + g[i], and we have
h(y[illy[0], ..., yli — 1],@") = Elog(E[g[i]|*). Defining h; = [h[i;0], ..., hli; Naeay —
1]]" and denoting the covariance of h; — E{h|y[0],...,y[i — 1]} by R;, we have
Elgli? = 1+ p:cfHRiwf . Let pimax; denote the maximum eigenvalue of R; and
q; denote the corresponding eigenvector. Now define Kpax; = Inf oeen fmaxi- For
i € {1, ..., NooppNdelay — 1}, all the elements of h; can not be estimated perfectly,
even in the absence of noise (p = 00), since {y[0],...,y[i — 1]} correspond to a pro-
jection of A onto a subspace of smaller dimension, and hence Kpmax; > 0. Now,

E |y[ ]|2 > 1 + pl‘{fmaxz| ZNdelay [kf]xp['l — k]|2, and hence

Ndelay_ 1

h(ylil|2,y[0], ... yli = 1)) > E{log(l + prmaxil Y @lFa’li = K][*)}. (B.8)

Jdelay ™ ;€] |2 P [i—1)|2
Combi B.7 d (B.8 have T; < E1l Lo 3 o™ ™ Bl 2} ||
ombining ( ) an ( ) we have og 1+pnmam\ZN"e'ay T

is a sequence of continuous random vectors converging to a continuous random vector,

. Since x*

limy oo | 3025 ilk]2#[i — k][> > 0 with probability 1, and lim, .. 2 = 0.

B.2 Proof of Lemma 1
Using the chain rule for mutual information, we have

I(y;x) = I(y;z, H) - (y; H|z) (B.9)

> Ny;o|H) - (y; H|x). (B.10)

Now, I(y;x|H) corresponds to coherent case of perfect receiver CSI and since x is

i.i.d. Gaussian, we have

I(y;xz|H) = E{logdet[Iy + pHH"]}. (B.11)
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Since HH" is full rank with probability 1 with continuously distributed eigen values,

we have

I(y: x| H
lim (y;x|H)

N. B.12
p—oo  logp ( )

Recall that from (2.21), the output is written as y = \/p XU + v. Since A cap-
tures all the degrees of freedom of DSC over a block, we have [(y; H|x) = I(y; Alx) =
I(y; A|X). Conditioned on X, y and X are jointly Gaussian and using Jensen’s in-

equality, we have

I(y; A\|X) = E{logdet[I + p(XU)"XUR,J} (B.13)
< logdet E{[I + p(XU)"XUR,]} (B.14)
< Nbopp Neelay log p + O(1), (B.15)
and hence
. (y; H|z)
ph—>n<30 W < NDopdeeIay- (B16)

The desired result follows from (B.10), (B.12) and (B.16).

116



APPENDIX C

PROOFS OF MMSE-PAT RESULTS

C.1 Proof of Theorem 2

We begin with the singular value decompositions PU = VPEPQE and DU =
VdEdQZ', where X, and X4 are diagonal and full-rank [66]. Let K < NpoppNdelay

denote the rank of 3. Defining z = V?y and using (4.2),

z = pZQp A+ /pVIViZiQE A+ Vv, (C.1)
T T N——"

Since projection onto col(V,) does not attenuate the pilot component of y, the pilot-
aided MMSE channel estimate given {y, P} is equal to that given {z, P}. With

R, , = E{zA"} and R, = F{z2"}, the MMSE estimate of A given {z, P} is

A = RI,R'z (C.2)
R., = /pA,R,, (C.3)
R. = pARAJ + Ik +pE{AR\A}}, (C.4)

A UdX:UZ'

with diagonal Aq > 0 and Ug'Ud = I. Note that the MMSE estimate of his h = U

and that o2 = E{||h — h||*} = E{|X — X||?}. We have R; = E{(A —A)(A— A"} =
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R, — RZARQIRZ,A and hence
o2 = tr{R\— R!,R'R.,}
= tr{R\— RYAJ(A + UsAUY) 'A,R,}
= tr{R, — R{AJ[A™' — AT'U4(A]
+UNAT'UY)'UYATY AR, (C.5)
> tr{R\,— RYAJATA,R,}, (C.6)

where we used the matrix inversion lemma in (C.5). The inequality (C.6) follows
since A > 0 and Ay > 0. Since X, is full rank, A, has full row rank, and so equality

in (C.6) is achieved if and only if
UsAJUT =0 = FE{AR, Al =0. (C.7)

Since Ry > 0, (C.7) is satisfied if and only if Ay = 0, which is equivalent to (4.7),
since 3, and X4 are full rank square matrices. We proceed further assuming that

(4.7) is satisfied. With A4 =0,

1
o2 = tr{R\— RYAJ(A,R\AT + —Ix) 'A,R,},
P

e

= w{(Ry' + pARA) ) (C3)

using the matrix inversion lemma [67]. With 03 == [R)];,m, diagonal R, implies

NDopp Ndelay -1

ce Y () ©9)

o
m=0 Am
where «,,, = [A':Ap]mm and equality in (C.9) is achieved if and only if AEAp =

g

(PU)MPU is diagonal. (See [66,68] for additional details.) Since all the columns

of PU have norm 22, the bound (C.9) is written as (4.6). When (4.7) and (4.8)

N
are met, it follows straightforwardly that R; and R; are given by (4.9) and (4.10),

respectively.
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C.2 Proof of Lemma 2

(PU)MPU is composed of Npopp X Npepp blocks Py, 1, = F‘HPﬂkzP_le for
k‘l, k‘g € {0, ey Ndelay — 1} For these k’l, k’g and for miy, Mo € {O, ey NDopp — 1}, (48)

becomes
_ E,
[Pk2,k1]m1,m2 = W(S[kl - k2]5[m1 - m2]- (ClO)
The definitions of F and P_; imply

N—
[sz,lﬂ]mhmz = Z 71— kfl Z — k‘g]e 35 (m1—ma)i (Cll)

1=0

Setting k = ko — k1 and m = my; — mg, so that k € Nyeay and m € Npgpp, (C.11)

becomes
| Nk
p * _ 2T
[Progilmim = % plalplq — kle I Fmla+kn),
q=—k1
2w N—1
e_Jkal . .
- TN > plalp*lg — ke ¥ ma (C.12)
q=0

where in (C.12) we exploited the fact that p[—¢] = p[N — ¢] for 1 < ¢ < Nyelay-
Combining (C.10) and (C.12), we obtain (4.11). Similarly, we can show that (4.7) is

equivalent to

i

dlilp*[i — keI F™ = 0 Vk € Naetay, ¥ € Npopp. (C.13)

Il
o

Since any data vector d should satisfy (C.13), and since the information symbols s

are arbitrary, the requirements (4.12) and (C.13) are equivalent.
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C.3 Design of Optimal Pilot Sequence p

Say L = %Iy € Z and let g € CF be arbitrary. Then if p=q®[10 --- 0]T, we

have pli]p*[i — k] = 0 for k € Ngelay \ 0, and hence

N-1
> " plilp'li — keI = 0 Vim, Yk € Nagay \ 0. (C.14)

i=0
Note that (C.14) partially satisfies (4.11); g can be chosen to satisfy the remaining

conditions:

i

27

Vm € Npopp, Epdlm] = plilp*[ile ! ¥ ™ (C.15)

™~ <
[l
_ O

= N qli)|Pe T (C.16)

i

Il
o

With r[i] = |q[i]|, » = [r[0],...,7[L —1]]T, and the (2Npepp — 1) X L matrix F, with

the elements [F],,, = ejzﬁﬂ("_NDWP“)m, (C.16) becomes

FLT' = EpeNDopp_l, (Cl?)

1

where e, is the p' standard basis vector of C*oew=1. To find real non-negative v

that satisfies (C.17), we consider three cases.

I) L < Npopp: This indicates an over-spread channel, previously excluded from

consideration; no solution to (C.17) exists.

IT) Npopp < L < 2Npepp, — 1: Here it is easy to show that r = @[1 -+ 1]7 is the

unique solution to (C.17).

IIT) 2Npepp — 1 < L: Here there exist many valid solutions to (C.17). Specifically,

the real non-negative r satisfying (C.17) are those that satisfy F''r = g with
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g =1[9[0], ..., g[L—1]]" such that g[0] = 2%, g[1] = - - = g[Npopy — 1] = 0, and
gli] = ¢g*[L —i]. Here Fj denotes L X L unitary DFT matrix. Such 7 can be

generated via the following steps.
1) Choose any g € CL with g[0] € R, g[i] = ¢*[L —i] and g[1] = --- =
g[NDopp - 1] =0.

2) Compute the DFT r, = F1g.

3) Generate ro element-wise as 73[i] = ri[i] + ¢ for any ¢ € R such that
D) [Z] Z 0.
4) Set r = ary, where o = #2[]
i=o0 T2[t

Given r satisfying (C.17), we choose g element-wise by setting q(i) = /r[i]e?l! for

arbitrary 0[:] € [0,27). Finally, we set p=q® [10 --- 0]".

C.4 Proof of Optimality of MMSE-PAT examples

C.4.1 TDKD

First, we show that the pilot sequence given in (4.18) satisfies the excitation
criterion (4.11). Since the spacing between the non-zeros samples of the pilot pattern
N

T is greater than Ngeay (from the underspread assumption NpoppNdelay < N, we
opp

have p[i]p*[i — k] = 0 for k € Ngeay \ 0, and hence

=z

-1

p[z]p* [7’ - k]e_j%rmi = O vm c NDopp7 Vk S -/\/;ielay \ O (Clg)

<
Il
o
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Now, for the case k = 0,

N-1 ]VDopp_1
Ipli]|Pe %™ = By R mlang, 1D
Pl e = N, e
i=0 g=0 'Dopp
NDopp
= Ep _] N v ml E e_] NDOPP
NDopp
NDopp6[m]
= E,d[m]. (C.19)

The equations (C.18) and (C.19) verify the optimal excitation requirement.

To verify the pilot data orthogonality requirement, we notice that the location
of non-zero elements in each column of B lies outside the set g[” Because of this,
the nonzero entries in {p[i]} never overlap with nonzero entries in {b,[7]}, nor with
nonzero entries of k-shifted {plq — k]} for shifts k € Nyeay. In other words, {i :

pli — k] # OVk € Netay} N {7 : by[i] # 0} = 0 and hence (4.7) follows.
C.4.2 FDKD

Note that (p, E) in FDKD coincide with the TDKD pattern but the roles of
discrete delay spread Ngeay and the discrete Doppler spread Npopp interchanged. So,
(P, E) correspond to the MMSE-PAT for CE-BEM DSC with discrete delay spread
Nbopp and discrete Doppler spread Ngeay. Now, from MMSE-PAT duality (Lemma 4),
(p=FY\p B = FJHVB) is an MMSE-PAT for DSC with the discrete delay spread

Nyelay and the discrete Doppler spread Npepp.
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C.4.3 Time domain Chirps

First, we shall establish that the chirp sequence (4.20) satisfies the optimal exci-

tation criterion. For i € {0, -, Ngelay — 1}, we have
. . 27\' Dopp
pl=i] = p[N —i] = \/ N
_ E, p 2 D°PPN 2z Doep ;2 927 Nooppi
H,_/ N———
N =1,for N even =1
- E 27r Dopp
S N
So, for k € Nyelay and m € Npepp, we have
Nl -2 . 27\' Do 2 - 27 Npo .
lpli = Re B = [T R LR SR ok (C)
=0 =0
E, "= 2%
2‘” —52 (20 2y — —mz
= ]\;Ze (2ik—k%) o= T mi (C.21)
i=0
N-1
- ]E\;; — 2 Do ;2 Z 6JZW’T(’€NDopp—m)i’ (C.22)
i=0
N5[kN;,opp—m}
= E,0lk|0[m], C.23
P

where (C.23) follows from the fact that kNpep, — m # 0 ( mod N) as long as k €

Ndelaya m e NDopp and NDopdeeIay < N.

123



Now, considering the inner product between the columns of chirp data modulation

matrix,

N

_ -1
j N
bq1 sz [7’] = (\/%ejzﬁﬂ(fh-l-NDopdeelayl)eJ%\Tfr DOpp 2)
2
i=0 i
*
i N,
X <\/I€J%r(q2+ND°pdee,ay )6]2JM 2
N

1 N-—1
- NZ 'Qﬁ(lh—tm)i

=

Il
o

Né[q1—q2]
= 5[611 - Q2],

we see that they are orthonormal and linearly independent. To verify the pilot data

orthogonality, note that

N-1 )
S by filp'fi - Kle I =
=0

2

N, N,
-2 D -2 D .
Wﬂ- Q+NDopdeelay) e] ]\Trr 2opp 26 ]Wﬂ%(z_k)2

1=0

X e_JWmZ
N-1
VE, N ,
— Pe_]%"%kz § ej%ﬂ(kNDopp+Q+NDopdeelay_m)
N ’
1=0

S

~~
Né[kNDopp +NDopdee|ay+q_m}

which is zero for k € Nyelay, m € Npopp and the range of ¢ given in (4.21).

C.4.4 Frequency domain Chirps

The frequency domain chirps is the dual of time domain chirps from Example 3.
The proof follows along the same lines as that of FDKD in which the role of TDKD

is replaced by the time domain MMSE chirp.

C.5 Proof of Theorem 3

Let the columns of B, € CN*NeayNowwe form an orthonormal basis for col(PU)
and the columns of B, € CN*(N=NaeayNoops) form an orthonormal basis for the left null
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space of PU. Notice that, with B = [B,By], we have B"B =BB" = Iy. The
pilot-data orthogonality of MMSE-PAT [recall (4.7)] implies that B;'H B = 0 and
Bg H p = 0. Projecting the observed vector y onto the pilot and data subspaces, we

obtain y, = B;'y and y,; = Bgy, respectively, where

Yy, = ﬁBEﬂp%—B?v, (C.24)
———

y, = pBYHBs+ Bv. (C.25)
———

vq

Clearly, v, and v, are CWGN with unit variance. Since the projection (C.24) does

not compromise pilot energy, the LMMSE estimate of h given y equals the LMMSE
estimate given y,,.

Splitting the channel matrix H into the estimate and error component as H =

H + H, we have

y, = pBYHBs+ /pBYHBs +v,. (C.26)

n

Let R, = E{nn"} denote the covariance of the effective noise n. With the ap-
plication of weighting factor Q = R, 1 ?BY in the minimum distance decoding (Sec-
tion 2.3.2), which has the interpretation of pilot-data separation followed by effective-

noise whitening-filter, the achievable rates are given by [30]
Romseik > E{logdet[T + po’R;'BYHB(BYHB)"]}. (C.27)

The achievable rate result in [30] is derived under the assumption that MMSE channel
estimator is employed. But, with the pilot-data orthogonality, our LMMSE estima-
tor (2.30) coincides with the MMSE channel estimator, since the pilot observations
and the channel coefficients are jointly Gaussian. Note that the above lemma is
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applicable to the CP-MMSE-PAT schemes since they satisfy the pilot-data orthogo-
nality requirement Theorem 2. The above rate expression resembles that of coherent

case [33] with n acting as “effective” Gaussian noise. Furthermore, we have
R, = I+ po’E{BYHB(BYHB)"} (C.28)
< I+po’BYE{HH"\B,, (C.29)

in the positive definite sense, since the columns of B are orthonormal.

Since E{I~{I~{H} = %I and BB, = I, we have

R, < (1 + pagtr{ﬁh}) I. (C.30)

Substituting (C.30) into (C.27), we have

pNo?

Rmmse- > E{logdet|I
bk {logdetlI + potr{R;} + N

BYHB(BYHB)"}. (C.31)

It follows that Bgﬁ[ B = 0 due to the similarity in the structure of H and H.
Using the determinant identity det(I + G1Gs) = det(I + G2G) and the fact that
B,BY =TIy - BPB;', the lower bound on the mutual information (C.31) can be
rewritten as (4.27) after the normalization of H.

For the upper bound on the mutual information, we consider the “best case”
scenario of perfect channel estimates, i.e., H = H and H = 0. For this scenario,
with i.i.d. Gaussian input distribution, it is straightforward [33] to obtain the bound

(4.28).

C.6 Proof of Theorem 4

We bound the asymptotic achievable rates from both below and above and get the
complete characterization. To start, Rmmsebik-b < Rmmse-blk- First, let us characterize
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the asymptotic behavior of Rmmsebikb- With any fixzed power allocation fraction
a€ (0,1), Es = aFy and E, = (1 — a)FEio, as p — 00, estimation error variance
goes to zero, i.e., lim, .o tr{R;} = 0 and hence it follows that lim, .. tr{R;} = N.
Also, as p — 00, the normalized channel estimates are equal to the actual channel

almost surely (a.s.),

lim H = H as. (C.32)

pP—00

Using Fatou’s lemma [69,70], we find the lower bound on the asymptotics of Rmmse blk-Ib,

by interchanging the limit and the expectation. We have

lm Rumsesicts > E{lim log det[T + pp BH" HBJ}, (C.33)
p—00 p—0
—  E{logdet lim [T + pp, BY"H"HBI}, (C.34)
p—00

which follows from the continuity of logdet(-). It easily follows that 3 k£ such that

pib > kp, ¥V p>1, we have

lim Romsesicts > B{logdet lim [I + kpB"E' H B}, (C.35)
p—00

p—00

= Bflog [] 1+ ko)), (C.36)

where 1; are the eigen values of BYH "HB. Since HB is full rank (Ns) with

probability 1, we have the following lower bound on R mmse-bik,

7—\)fmmse—blk(p) 2 7—\)fmmse—blk—lb(p) = Nslog(p)—l—O(l), (037)

as p — Q.
Now, to bound the asymptotic achievable rates from above, we consider the “co-

herent” case of zero channel estimation error. Since the pilot component H p can be
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subtracted from y (4.24) without affecting the mutual information, we start with
y. = pHBs+w. (C.38)

Using Ceon to denote the capacity of (C.38) with power constraint E{||s||*} < N, it
is evident that Rpmmsebk < Ceon- In fact, for (C.38), the capacity maximizing input
distribution is zero-mean Gaussian [33], so that
Rmsebk < Ceoh = sup FE{logdet[Iy, + p(ﬂB)HRSﬂB]}, (C.39)
tr{Rs}<N
where R, denotes the covariance of s. Note that, for any R, satisfying the power

constraint in (C.39), we have
Rs S NIN37 (C40)
in the positive semi-definite sense. Using (C.40) in (C.39), we find

Remsebk < FE{logdet[Iy, + No(HB)"HB]} (C.41)

— N,logp+O(1), (C.42)

as p — 0o. Theorem 4 follows from (C.37) and (C.42).
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APPENDIX D

PROOFS OF SPECTRALLY EFFICIENT PAT RESULTS

D.1 Proof of Theorem 5

We use modulo-N indexing throughout this proof. First define

1

€km) = \/Fp

which are normalized to have unit norm, for convenience. We also define the sets,

[p[l{?]ej%ﬂm'o’p[l{; + 1]€Jl2w7rm.17 p[l{? + N — 1]6]'2W7rm(N—1)]‘|'7

Naelay = {—Naelay+1, .., Neetlay— 1} and Npopp = {—Npopp+1, ..., Npopp—1}. Let W be
a matrix whose columns are constructed from the set {€(.m), k € Naelay, ™ € Npopp }-
Now, the orthogonality requirement (4.7) can be written as W"B = 0 and hence the
number of information symbols in each block Ny = rank(B) is at most equal to the
dimension of the null space of W,

We proof the theorem by contradiction. We assume there are MMSE-PAT schemes
for which rank(B) = N — NpeppNVgelay and find the necessary requirements on their
pilot vectors. Then we establish that the pilot vectors satisfying these requirements
does not yield rank(B) = N — NpoppVdelay-

Let (p, B) correspond to a MMSE-PAT with rank(B) = N — NpoppNVgelay. Based

on the bounds of Ny (4.15), we have N is equal to the dimension of the null space of
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W. We proceed to establish the necessary requirements for p. To start with, optimal

excitation (4.8) is necessary for MMSE-PAT and let p be any vector which satisfies

4.8). For convenience, define D = Noopp =1 Figure D.1 gives a pictorial representation
2

of the elements of the set {e(k my, k€ Naelays M € Npopp} arranged in a grid.

Wo
1€(—Naetay+1,~ Noopp+1) T €(—Naetay+1,~D—1) | €(~Naetay +1,~D) €(~Naetay+1,0-1)  €(~Naetay+1.D)|  €(~Naeiay+1,D+1) T €(—Naetay+1,Noopp—1)
1€(— Nuetay+2,— Noopp+1) e €= Nactay +2,— D—1) | €(~ Noetay +2,-D) s €(—Naetay+2,0=1)  €(=Naelay+2,D)|  €(—Naetay+2,D+1) e €(—Naetay+2,Noopp—1)
_Eu
€(0,~Npopp+1) c €(0,-D-1) €(0,-D) ce €(0,0-1) €(0,D) €(0,D+1) s €(0,Noops—1)
€(1,—Npopp+1) cee €(1,-D-1) €(1,-D) e €(1,0-1) €(1,D) €(1,0+1) ce €(1,Npopp—1)
w:

€(Ngetay—1,~Npopp+1) e €(Ngetay—1,~D~1)  €(Nyatay—1,—D) s €(Ngeay—1,D—-1) €(Naetay—1,D) €(Ngeay—1,D+1) T €(Nyetay—1,Noopp—1)

Figure D.1: Elements of the set {€(m), k € Ngetay, M € Npopp} arranged in a grid

We define the quantity

N-1
1
Py = > plilp’[i + ke ¥ (D.1)
Ep =0
= < €0,0); €k,m) > (D'Q)

where < x, y >= y"x denotes the inner product between & and y. From (4.8), note

that

T(km) = 0[k]0[m] for k € Naelay, and m € Npopp. (D.3)
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Now we have,

N-1
1 om o om
< (ki) €(ama) > = 7 > pli+ k[ + koJed Fmiemi R ma (D.4)
P =0
| Ntk
2 —
= = plalp*lqg + (ko — k1)]e™ ~ (m2—ma)(g—k1) (D.5)
Ep q=k1

—14+k1
+ Z pHg + (ky — ky)]e 9 5 (ma=ma (D.6)
ST plalp* g+ (ka—kn)]e I R (m2mmia
- 27 N-—1
6]W(m2_m1)kl * —i & (ma—m
= > bl la + (ke — k)l F (D7)
p q=0
.27 -m
— 6]W(m2 1)k17’(k2—k1,m2—m1)' (D8)

From (D.3) and (D.8), all the elements in Fig. D.1 within any rectangle of height

Nyelay and width Npepp are orthonormal. We also have,

27 ke

Tzkk,m) = < €0,0) €k,m) > = < €(k,m); €(0,0) > = eI T(—k,—m)- (D9>
We use the following intermediate result.
Lemma 9. If B is of rank N — NpoppNaelay, then |1 np,,)| =1 or |7’(Nde|ay,0)‘ = 1.

Proof. Since rank(B) = N—Npopp Ndelay is the nullity of WH it follows that rank(W) =

NpoppNgelay- Let W, be a matrix whose columns are from the set {e(k,m) ko€

{Oa_la"'7_Nde|ay + ]-}> m € {_DavD}}a Wé = [e(—l,—D—1)>"'ae(—Nde|ay+2,—D—1)]
and W2 = [eq,—p),....eq,p-1]. (See Fig. D.1.) From (4.8),(D.3) and (D.8), the

NpoppNgelay columns of W, are orthonormal and, since W' is of rank NpeppNVgelay, We
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have the following basis expansion:

Ndelay_

€(km) = Z Z <e (k;m)s €(—i.j) > e(_i,j),Vk: € Me|ay,Vm € NDopp, (D.lO)
=0 j=-D
Ndelay

= Z Z IR r(_l kjem)€(—i.j)> VK € Naelay, Ym € Npopp. (D.11)
=0 j=-D

Since any two elements inside the rectangle of height Nge., and width Npep, are

orthogonal ((D.3),(D.8)), for the columns of W}, we have
[6(0,—D—1)7 €(—1,—-D-1)) -+ e(—Nde|ay+2,—D—1)] = [e(o,D), €(—1,D)5 -+ e(—Nde|ay+1,D)]M1

where M| € CNeetay*Neety =1 ig given by

.27 - 27
—i 5 No .o. e JN Noopp(Ndelay—2)
T(OyNDopp) € N Oppr(l NDopp) € N PP el /r(]vdelay_2 NDopp)

e .] NNDopp(NdeIay

—j3F No 2)
T(_lvNDopp) e N OPPT(O NDopp) T(Ndelay_37NDopp)

- 27 - 27
—ixnNb —J 7 Noopp (Ndelay—2)
T(_Ndelay+17NDopp) € N oppr(_Ndelay+2vNDopp) € N PP e /r(_lvNDopp)

Similarly, we have the following expansion for the columns of W2,

[e(,-D)s €1,—Dr1)s s €1.D-1)] = [€(=Nagay+1,- D)5 €(— Nygay+1,—D+1)5 +++> €(— Ngay+1.0)| M 2

where My € CNoore*Noowe—1 s given by

;2T - 27
N —3 N (NDopp —2)
( Ndelayvo) e T(deeIayvfl) e

T( Ndelay 1) T(deelayVO)

/r(*NdeIay’fNDoppsz)

.27
~3°N (NDopp—3)
€ T(deelay'fNDopp‘FS)

jgﬁ(NDOPP’Z)

.27 ' .27
7% (Npopp—1) JN
€ T(deeIay’NDoppfz) € /r(*NdeIay’l)

T(deeIayvNDoppfl) €
Since each column of W is orthogonal to each column of W2, from their basis
expansions, we see that they have only one common basis vector e(_n,,, +1,p)- S0, to

meet the orthogonality requirement, we have
/r(_lvNDopp) = T(_27NDopp) = U = T(_Ndelay+17NDopp) = 0 (D]‘2)
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or
T(~Naoysl) = T(=Naewys2) = " = T(=Noaay:Noopp—1) = 0- (D.13)
Using (D.12) in the basis expansion of e _p_1), we have
€(0,~D=1) = T(0,Noop) €(0,1)- (D.14)
Since both e _p_1) and e py have unit norm, we have
|7"(07Noopp)‘ = 1 = 70Ny = e?? for some 6 € R. (D.15)
Similarly, when the condition (D.13) is met, we have
€(1,-D) = T(~Nactay:0)€(~ Naciay+ 1,~ D) (D.16)
and |7(_ny,,,.0| = 1. So, from (D.9) we have
T (Notay,0) = % for some 0 € R. (D.17)
]

Now we study the pilot vectors p which satisfy (4.8) with the additional constraint
that [r(Ny.0)) = 1 0T |7(0,Npep)| = 1. Considering these two cases separately, we

establish that there is no such p for which rank(B) = N — NpoppNVdelay-
. _ .70
Case I: 7 n,,,,) = ¢
From (D.14), we have
pli] (e % Now? _ %) — (D.18)

Now, if 6 # 2W”]\ﬁgoppq for some g € Z, then p|i] = 0Vi, which clearly does not satisfy
the MMSE-PAT requirement (4.8), and hence ruled out from consideration. Now, if
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0 = 2W’TNDoppq for some ¢ € Z, from (D.18), p[i]| may be non-zero only if i = ¢ + J\ZN
for k € Z such that ]\fDN € Z. Now, for k € Z, defining
aq[l{?] — |p[q NDOPP]| Npopp (D19>
0 else

27
Npopp—1

then from the requirement (D.3), it follows that > . 5% a,[{] ¢ Too ™ = E,0[m], Vm €

Npopp, Which can be met if and only if

PV ie{0,.. Noop — 1} (D.20)

From the definition (D.19), it follows that, the above requirement can be met if and

only if % e 7. It Név ¢ Z, there is no training sequence which satisfies both
(4.8) and (D.15). Now, if % € Z, from (D.19) and (D.20), the sequence pl[i] is
of the form given in Example 1. For Example 1, as noted earlier, rank(B) = N, =

N — (2Ngelay — 1) Npopp < N — NpoppNVdelay- This contradicts the initial assumption

that B is of rank NpoppNgelay-

Case IL: 7(y,,, o) = ¢/’
From (D.9), (D.16) and (D.17), it follows that
pli] = €pli+ N (D.21)

Because of the circular symmetry p[i+ N] = pli], using (D.21), we can find the largest

integer L € {1, ..., Ngeiay} s0 that & € Z and pli] = e’p[i + L] for some # € R. Note

that, if X~ € Z then L = Nelay €lse L < Nyejay. Again from the circular symmetry,

Ndelay

0= 2W“Lq for some g € Z. Let p denote the N-point unitary discrete Fourier transform
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(DFT) of p. For the sequence p with the given “periodic” structure, we have

N-1
1
A = —= 3 plileF (D.22)
VN
1 L—1 -1
_ oI N ik Z oI5 L{k—q)m (D.23)
VN =
and hence plk] = 0V k ¢ {q.q+ &, ....q+ N(L . } Now, the optimal excitation

requirement (4.8) can be written in terms of p as (Recall Lemma 3)

=

Pl i — ke 8™ = E,6[k]6[m] Yk € Noopps Vm € Nuey.  (D.24)

Il
o

Defining |plg+ 2][* = d4[i],i € {0, ..., L— 1} and using the MMSE-PAT requirements

in the frequency domain, we require

glm] = Gg[il)e I RUTHO™ = B §im], ¥V m € Nyelay. (D.25)

If L < Ngelay, then (D.25) can not be satisfied since g[L] = g[0]e? ¥ 4L, So, if Ndl ¢ Z,
there is no MMSE-PAT with dim(W') = NpeppNdelay- Now, if %&Iay € Z, then L =
Nyelay and the only sequence {a,[i]} satisfying the requirement (D.25) is a,[i] = ¢ for
some constant ¢, V 7. This corresponds to the equi-spaced, equi-powered frequency
domain pilot sequence of FDKD in Example 2. Again, for this pilot sequence, from
Example 2, we have rank(B) < N — NpoppNaelay- Again, we reach a contradiction on

the initial assumption that B is of rank NpoppNdelay-

D.2 Proof of Theorem 6

First, we establish that, for the PAT schemes satisfying the hypothesis, the to-
tal estimation error satisfies o2 < %,Vp. Since the PAT is linearly separable, the

projection gy, in (5.8) captures all the pilot energy and denoting G = B;'PU, we
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have
Yy, = VPGA+ v, (D.26)

Since PU is full rank, it easily follows that the matrix G is full rank. Note that
02 = E{|A — A||?} where X denotes the LMMSE estimate of A. Using the zero

forcing estimate from (D.26) to upper bound o2, we have

e

o2 < %tr{(GHG)‘l}. (D.27)

Since G is full rank, we have tr{(G"G)~'} < & for some x € R. Now, for a PAT
scheme which satisfies pilot-data orthogonality (4.7), with the choice of weighting
matrix @ given in (5.6), the achievable rates are given by (5.9). First, we obtain a
lower bound on the prelog factor of the achievable rates. Now, R, the covariance
of /pBYHBs + v, is bounded as R,, < (1 + po?E,||M|[3%)I. Recall that M is the
ZP or CP mapping matrix. Since 02 < %, we have R, < CI for some constant C,

Vp > 1. So the achievable rates are bounded as
1 I A H
R(p) > N E{log det[I + 5HdRst]}- (D.28)

Since 02 — 0 as p — oo, the channel estimates converge almost everywhere to the

true channel, i.e., lim,HOOPAI = H. Also, ﬂdRst; has rank equal to rank(B)

f‘(p) > %N(B). From the
ogp

with continuously distributed eigen values, we have lim,_,
hypothesis, rank(B) = N — NpoppNdelay- The upper bound on pre-log factor follows
by applying Jensen’s inequality and taking the expectation inside logdet(-) in the

rate expression (5.9).

136



APPENDIX E

PROOFS OF MIMO-MMSE-PAT RESULTS

E.1 Proof of Theorem 7

Using the techniques similar to the derivation of MMSE-PAT requirements for
SISO DSC (Chapter 4), we obtain that the pilot-data orthogonality (PU)Y DU =
0 VD which is equivalent to (6.14), is a necessary requirement for MIMO-MMSE-

PAT. When (6.14) is satisfied, we have

ol = t{(R'+p(PU)"PU)"} (E.1)
A]vDopp]VdelayRT‘_1 1 -1
> © p{(PO)PU mm) B2
> (g +olPOPU (£.2)
T—1 A]\[Dopp]\[delay_1 1 p||p[t]||2 -1
= R + E.3
Y X (mn %) ®3

and the equality in (E.2) is achieved if and only if the columns of PU are orthogonal.
Since ZtT:_Ol |p"||* = E,, from the method of Lagrange multipliers
]\[Dopp]\fdelay_1 1 pEp

o > RT Y <[Rk]m7m+NT)_l (E.4)

m=0

and the equality is achieved if and only if (6.15) is met.

137



E.2 Proof of Theorem 8

Let the columns of B, € CN*TNooweNaeiay form an orthonormal basis for the column

CN*(N=TNoopp Neelay) form an orthonormal basis

space of PU and the columns of B, €
for the left null space of PU. The pilot-data orthogonality of MMSE-PAT [recall
(6.14)] implies that B H"'B = 0 and B/ H"'p = 0, V r. Projecting the r" antenna

observation vector y'"! onto the data subspace, we obtain

yy = /pBYH"B35+ B
Defining v}’ = Biv"" and g, = [y[;]T, s y[ClR*]T]T, we have
g, = pBYHBS+ v, (E.5)

where B, = diag(By, ..., By) and vy = [vg)]T,...,vilRfuT]T. Now, splitting H into

estimate and error component as H=H+H , we have

g, = \/EB;'ﬁIB§+\/ﬁB§ﬁIB§+'Ed. (E.6)

n

Similar to the SISO case, with the mismatched decoder, n acts as AWGN in the
achievable rate expression [30]. With an i.i.d. Gaussian distribution on s, we have

the following mutual information bound [33]:
[(§,;8) > E{logdet[I + po’R, ' B\ HB(BHB)"]}, (E.7)

where R,, = E{f@"}. Since columns of B are orthonormal, from the statistics of H,
it follows that R, < (1+ paf%)[ . Substituting this into (E.7), and normalizing

H  we have

I(§;3) > E{logdet[I + ppB)HB(BHB)"}. (E.8)
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It follows that Bg HB = 0 due to similarity in the structure of H and H. Using
the fact that Bng =1Iy— BI,B},'S| and the determinant identity det(I + G1G3) =
det(I + G2G), the lower bound on the mutual information (E.8) can be rewritten
as (6.32).

For the upper bound on the mutual information, we consider the best case scenario
of perfect channel estimates, i.e., H = H and tr{R;} = 0. For this scenario, with

i.i.d. Gaussian input distribution, it is straightforward [33] to obtain the bound (6.33).

E.3 Proof of Theorem 9

Since Rmimo-mmse-blk = Rmimo-mmse-blk-Ib, We first characterize the asymptotic behav-
101 of Rmimo-mmse-blk.1b- Since (6.32) and (E.8) are equivalent, using Fatou’s lemma [70]

and the continuity of log det(-),

v —

i Reimommsetics > E{log det lim [T + po(BYHB)"BYHB]}, (E.9)
—00 pP—00

> E{logdet lim [I + pk(BYHB)"B HB]}, (E.10)
p—00
for some k € R, since lim, .o tr{R;} = 0 and lim,_ H = H almost surely, with

any fized power allocation fraction o € (0,1). Since the “effective channel” H, =

Bj HB e CRIN=TNoopwNaeiay) xTNs ig fy]] rank with probability 1 and it follows that

Rmimo—mmse—blk(p) Z Rmimo—mmse—blk—lb(p) (Ell)

= min{R(N — T'NpoppNdelay): T N5} log p+ O(1). (E.12)

Now, to bound the asymptotic achievable rate from above, we consider the “coher-
ent” case of zero channel estimation error, i.e., H is perfectly known at the receiver.
Since 1(g;8) = I1(y,; §), using Ceon to denote the capacity of (E.5) with the same

power constraint, it is evident that Rmimo-mmse-bik < Ceon- Using the coherent capacity
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result from [33], we have Ceon = max,(g,y<y E{logdet[I + pH R.H eH]}, where R,
denotes the covariance of 5. Note that, for any R, satisfying the power constraint,

we have R, < NI, in the positive semi-definite sense. So, as p — o0,

Rmimo-mmse-blk(p) S E{log det [I + pNHeHHe]} (El?))

= min{R(N — T'NpoppNdelay): T N5} log p+ O(1). (E.14)

E.4 Derivation of 7, and R,

Notice that with optimal T}, we have N — T, NyelayNpopp > 0 since we consider
underspread channel which satisfies N — NgelayNpopp > 0. So, we have R(N —
T NgelayNoopp) = (N — Ty NgelayNpopp) Vr € {0, ..., R} and hence an optimal value
R, = R. Finding T, follows from geometrical arguments. It is clear that the pre-log
factor is non-negative. As a (continuous) function of ¢, we plot the non-negative val-
ues R, (N — tNgelayNpopp) and tN, in Fig. E.1. Notice that R,(N — t NgelayNpopp) is @
straight line and tN; = t(IN — (¢ + 1) NaelayNDopp + ) 15 a parabola as a function of ¢
where £ = 1, Nyelay, Npopp for MIMO- Chirp, FDKD and TDKD schemes respectively.
T, is an integer which maximizes the minimum of the two curves. There arises two
possibilities depending on whether the two curves intersect or not. When the two

curves intersect Fig. E.1 (a), it is clear that the pre-log factor increases until the first

a,t t o g_\/§2_4R*NNDopdeelay
- 2A]\[Dopp]vdelay

intersection point ( ) after which it decreases. Since T}

is an integer which can not be more than the number of available antennas 7', the

g_ \/&2 _4R*NNDopp Ndelay

optimal T} is given by min <T, I 1) When the two curves do

2A]\[Dopp]\[delay
not intersect Fig. E.1 (b), the pre-log factor increases until ¢ = ﬁ — % after
elay £V Dopp
. . . . 13 R,
which it decreases, and T} is given by min (T, Jm -5 )
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NaelayNoope = * ; N
| elay- opp \ / Ndelay NDopp R* \

1 1 1 ‘ 1 1 1

t— t—

Figure E.1: Pre-log factor with number of active transmit antennas t.
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