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Require: Ki. 3. 3. and 1i lver: —G(
* Goal: Learn W, by from samples (x;,¥;),i = 1, ..., N generated by a ground truth network equire: Kit, prox,(-), prox,(-), and linear solver ()

1: Select initial R, € Range(X) and I'; > 0.
o . L ) 2: for £ =0,1,..., K;; do
Empirical Risk Minimization 3. // Forward updates

1 WT prox(R™,I'") = argmin ¢(W) + %tr((W ~RO)I"(W-R)")

Regularized empirical risk minimization W

* Learn parameters by minimizing regularized emAF’)iricaI risk = Bt (VR prOX¢(R_, 1ﬁ_)>—1 = It e« ot —T-
| ~ 6: Rt « (Wtet —R T )(IH)"!
i= _ N _
« (") isaregularizer 8. AT+ (VoGRT, QYT T7)) "T7, YT« AT -7
e L(-)is aloss function 9:  QF + (ZTAT —Q~YT7)(TH)~!
* 9, =Wlo(z;))+bywherez; =Wix;+b 10:
Vi 20(21) + b l 1 ! 11: // Backward updates
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Main Questions 12:  Z7 <+ prox,(QT,TT) = argénm LIZ)Y)+ str((Z - QN)YTH(Z-QM) ')
_ ~1 _ _
e Optimization typically performed using some variant of SGD 13: AT <YQ prox,(QT,TT)) TT, T« A7 - 7T7
* Works well in practice 14: Q7+ (ZTAT - QY )(Y™)~
* But hard to analyze 15 W—,_ < GR",Q,I'",T7)
* Error bounds not known to be optimal 16: & + (VRGRT,Q . I'", YT ) 'I'", I~ « &~ — It
* When does learning succeed? 172 R+ (W & —RTI'")(I'")~!
* What is the generalization error? 18: end for
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This Work: Analysis via Message Passing W,Z < G(R,Q I, T) solves X XWI+WE=X QT +RIL and  Z=XW
e Approximate message passing (AMP) algorithms:

e Efficiently solve inverse problems
* Originally developed for linear inverse problems If a sequence of problems indexed by N is solved by Algorithm 1, with lim Nin B € (0, 00)
 Extended to multi-layer networks (ML-VAMP) N—ooo N

. Key property: State evolution provides performance guarantees in high dimensional regime - Dot X(N) = USV"with U,V are square Haar distributed and S,,(N) are bounded
. M;Ii:COitrig;Jtions' P P 5 & 5 * True weights: W*(N) € RYin*Nnid sych that rows are i.i.d. samples of W € R1*Nnid

. . * Prox: Act row-wise, have symmetric Jacobians which are uniformly Lipschitz
* Learning parameters of a two-layer network using AMP framework , R _ , ,
. . o . . Then there exists deterministic [; and X; obtained recursively, W L Z~N (0, Iy, . ) such
* State evolution provides estimation error at each iteration hid

* Predicts when learning will or will not work that for all iterations ¢

Background on Vector AMP

High-Dimensional Analysis

(W, W) e (prox¢ (W + 2%, T), W)

p(xq) O(x1 — x2) N (y; Axz, v ' D)

Q . Q * Joint distribution of estimate and true vectors converge
%1 %, * Recursive formula for (W;,., W)
* Provides exact prediction of parameter and generation error

Linear inverse problem
e Model:x ~p(x), y=Ax+w, w~N(0,y,I)
e Posterior density factorizes:

Vv , Predicting Performance for a Synthetic Network
p(aly) o« exp (22 ly - Axl1?) p(x)

 Two-layer ground truth network
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MAP estimation: X = argmin, == ||y — Ax||* —logp(x) e N, =100,d =4,N,,, =1
* Apply expectation propagation-like inference over factor graph * |nput: iid Gaussian with variance 1/N;,

* Gaussian approximation of messages * Noise added to output to get different SNR levels
* |n each iteration: * Key takeaways:

* Linear Gaussian estimation * ADAM optimizer achieves similar results to Matrix AMP

e Estimation with prior; separable for separable priors e State Evolution accurately predicts performance of Matrix AMP

. SNR=10 dB SNR=15 dB

Properties of VAMP - >ale
 State evolution | 1 iﬁiﬂ;ﬂ f‘? } | Rl ’:‘Eiﬂ';ﬂ {AE }

. . . . . . S 29 - S

Behavior in each iteration exactly explained for large random A e — MVAMP (SE) . || — MVAMP (SE)

* Provides MSE in each iteration 2~ 2 2.0

* Provably Bayes optimal in certain cases b 918
. M M "

* Including non-convex cases s 14 =

* Relates to ADMM with carefully chosen adaptive step size E E 16
< 1.2 < 1.4-
Factor graph of the empirical risk 191
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* Apply expectation propagation over this graph to get matrix AMP References:
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