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Abstract— Beamforming and combining strategies are exten-
sively used to harness spatial diversity gains in MIMO-OFDM
systems. However, traditional approaches are ineffectivewhen
time-variations in the underlying wireless channel introduce
inter-carrier interference (ICI). We propose novel beamforming
and combining strategies for such time- and frequency-selective
wireless channels. Results show that our schemes enjoy large
gains over traditional approaches. Additionally, we find that our
schemes are robust to the use of predicted (as opposed to perfect)
channel state information at the transmitter.1

I. I NTRODUCTION

The last decade has seen the emergence of multiple-input
multiple-output (MIMO) systems that provide large spatial
diversity gains [1]–[3]. MIMO systems promise a diversity
advantage proportional to the product of the number of trans-
mit and receive antennas. Space-time codes [1], [2] and, more
recently, lattice codes [4] have been shown to take advantage
of spatial diversity. When channel state information (CSI)is
available at the transmitter, one can also combine traditional
coding techniques with beamforming and antenna combin-
ing to leverage spatial diversity (see [3], [5] and references
therein).

Multi-carrier modulation (MCM) [6]–[9] has emerged as
an attractive strategy for frequency-selective wireless chan-
nels. Orthogonal frequency-division multiplexing (OFDM)is
arguably the most popular MCM scheme [6], [10], transform-
ing the inter-symbol interference (ISI)-inducing frequency-
selective channel into a set of independent parallel sub-
channels. When multiple antennas are available at the trans-
mitter and/or receiver in an OFDM system, spatial diversity
can also be harnessed via beamforming and combining (see,
e.g., [11]–[13]).

One of the central assumptions in traditional MIMO-OFDM
beamforming and combining is thatsub-carriers do not in-
terfere and, hence, the signal to noise ratio (SNR) for each
sub-carrier can be maximized independently. However, some
of tomorrow’s high-rate systems can be expected to func-
tion in a highly mobile environment, where the underlying
wireless channel is time-selective in addition to frequency-
selective, i.e., doubly selective (DS). In such channels, the time
variations can cause substantial inter-carrier interference (ICI)
[14]–[16], rendering traditional MIMO-OFDM beamforming
and combining ineffective. Our goal here is to develop novel
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MIMO-OFDM beamforming and combining strategies that are
effective even in the presence of significant ICI.

In this paper, we design beamforming and combining strate-
gies for MIMO-OFDM that boost the (ergodic) achievable
rate for a MIMO-OFDM system employing low-complexity
local frequency-domain processing. The paper is organizedas
follows: Sec. II describes the system model, Sec. III details
the beamforming and combining strategies, Sec. IV presents
and discusses numerical results, and Sec. V concludes.

Notation: In the paper, we use(·)T to denote transpose
and(·)H conjugate transpose.D(A0, · · · , AN−1) denotes the
matrix constructed by placing matrices{Ak}

N−1
k=0 diagonally.

[B]m,n denotes the element in themth row andnth column
of B, where row/column indices begin with zero.IK denotes
the K × K identity matrix andJK1,K2

(k1, k2) the K1 × K2

matrix with only one non-zero entry:[JK1,K2
(k1, k2)]k1,k2

=
1. The principal eigenvector of a positive definite matrixA is
denoted byν∗(A) and the Kronecker product by⊗. Also, 〈·〉N
denotes the modulo-N operation, andC the set of all complex
numbers. Expectation is denoted byE(·) and auto-covariance
by Σb := E(bbH) − E(b)E(bH).

II. SYSTEM MODEL

In this paper, a beamforming MIMO-OFDM system with
Nt transmit antennas,Nr receive antennas andN sub-carriers
is referred to as an(Nt, Nr, N) MIMO-OFDM system. In
the considered system, we assume that coding is done over
large blocks ofNb OFDM symbols, that coding is done inde-
pendently for each sub-carrier using i.i.d. (complex) Gaussian
codebooks, and that an average power constraint is enforced.
Thus, in the beamforming(Nt, Nr, N) MIMO-OFDM system,
the ith OFDM symbol iss(i) = [s0(i), s1(i), · · · , sN−1(i)]

T ,
where sk(i) is the ith symbol of the codeword on thekth

sub-carrier. The average power constraint and the use of i.i.d.
Gaussian codebooks implies that each OFDM symbol is zero
mean i.i.d. complex Gaussian distributed withΣs = IN .
The ith MIMO-OFDM symbol t(i) ∈ CNNt is defined as
t(i) := [tT

0 (i), tT
1 (i), · · · , tT

N−1(i)]
T , where the entries of

vector tk(i) ∈ CNt are modulated onto thekth sub-carrier
at theNt transmit antennas. For the considered system, the
set of beamforming vectors (BVs),{xk(i) ∈ CNt}N−1

k=0 , relate
the ith OFDM symbol to theith MIMO-OFDM symbol as

t(i) = D
(

x0(i), x1(i), · · · , xN−1(i)
)

s(i). (1)



Recall that we have enforced an average power constraint
and that each codeword is spread over a large number ofNb

OFDM symbols. As the channel experienced by each sub-
carrier is statistically identical over this block ofNb symbols,
it is assumed that||xk(i)|| = 1, for all k and i. Components
of t(i) are collected along the respective transmit antenna,
modulated using an IFFT and transmitted after the addition of
a cyclic-prefix (CP).

The signal transmitted from thekth
t transmit antenna en-

counters a wireless channel en route to thekth
r receive antenna.

Each such wireless channel is modeled as Rayleigh faded
with a delay spread ofNh chips, a uniform power pro-
file, and a (chip normalized) single-sided maximum Doppler
spread offdTc. Moreover, all spatial paths are assumed to
suffer independent fades and satisfy the wide sense stationary
uncorrelated scattering (WSSUS) property. At each receive
antenna, an FFT is taken on the observations after removal
of the CP. The resulting frequency domain observation for the
ith OFDM symbol isr(i) := [rT

0 (i), rT
1 (i), · · · , rT

N−1(i)]
T ,

where entries ofrk(i) ∈ CNr are the observations on thekth

sub-carrier at theNr receive antennas. The observationr(i)
can be expressed as

r(i) = H(i)D
(

x0(i), x1(i), · · · , xN−1(i)
)

s(i) + w(i), (2)

wherew(i) are samples of zero mean additive white complex
Gaussian noise with covarianceΣw = σ2INNr

and H(i) ∈
CNrN×NtN is the MIMO frequency domain channel matrix
(FDCM). This MIMO-FDCM can be obtained by

H =
∑

kr,kt

Hkr ,kt
(i)⊗JNr,Nt

(kr, kt), (3)

where Hkr,kt
(i) ∈ CN×N is the sub-carrier coupling ma-

trix (SCM) for transmission from thekth
t transmit to the

kth
r receive antenna. That is,[Hkr ,kt

(i)]
m1,m2

represents the
influence of the component oftm2

(i) transmitted from thekth
t

transmit antenna on the component ofrm1
(i) observed at the

kth
r receive antenna. Thus, off-diagonal entries ofHkr,kt

(i)
cause ICI. (See [15], [17], [18] for an expression relating
Hkr ,kt

to the channel impulse response.)
A direct consequence of the employed coding strategy

is that blocks of observations forNb OFDM symbols are
processed together and sub-carriers are decoded individually
at the receiver. Using the entire observationr(i) to de-
code thekth sub-carrier, however, requires prohibitively high
complexity. Recalling that the Rayleigh Doppler spectrum
is low-pass, however, it can be assumed that the ICI due
to a sub-carrier is significant only within a radius ofDh

adjacent sub-carriers, whereDh = ⌈fdTcN⌉. In this case,
the significant entries of the MIMO-FDCMH(i) will be
located in the quasi-block-banded region depicted in Fig. 1.
To exploit this MIMO-FDCM structure, we employ the re-
ception strategy of [19]. In this strategy, onlyrk(i) :=
[

rT
<k−Dh>N

(i), · · · , rT
<k+Dh>N

(i)
]T

is used to process the
kth sub-carrier. Further, the structure of the MIMO-FDCM
dictates thatrk(i) sees significant ICI from sub-carriers with

indices in the setKk = {< k ± 1 >N , · · · , < k ± 2Dh >N}
only. The ICI from non-neighboring sub-carriers is relatively
insignificant and can be neglected. Thenrk(i) can be written
in terms of the information symbols as

rk(i) =
∑

k′∈Kk

Hk,k′ (i)xk′(i)sk′ (i) + wk(i), (4)

where Hk,k′ (i) ∈ C(2Dh+1)Nr×Nt represents the influence
of tk′ (i) = xk′ (i)sk′(i) on rk(i), and wherewk(i) is
comprised of noise samples that affectrk(i), so thatΣwk

=
σ2I(2Dh+1)Nr

. In the reception strategy considered, local
linear combining (LLC) is performed for the first sub-carrier
(k = 0) for each of theNb blocks. The obtained symbol
estimates are fed to the decoder. Assuming judicious rate allo-
cation and consequent error-free decoding, the interference due
to the first sub-carrier can be regenerated and removed from
observations for neighboring sub-carriers that it influences sig-
nificantly. This process is called partial sequential interference
cancellation (P-SIC). These steps are then repeated for the
second (k = 1) sub-carrier, and so on. The effect of P-SIC on
rk(i) can be represented as

yk(i) = rk(i) −
∑

k′∈K−

k

Hk,k′ (i)xk′(i)sk′(i) (5)

=
∑

k′∈K+

k
∪{k}

Hk,k′ (i)xk′(i)sk′(i) + wk(i). (6)

In (5) and (6), the set of sub-carrier indicesK−
k

andK+
k

are
defined asK−

k = Kk∩{l : l < k} andK+
k = Kk ∩{l : l > k},

respectively. LLC for thekth sub-carrier with local combiner
(LC) zk(i) can be written as

φk(i) = zH
k (i)yk(i). (7)

This paper presents novel approaches for the design of BVs
{xk(i)}N−1

k=0 and LCs{zk(i)}N−1
k=0 using the simplified system

model in (4) with the aim of (approximately) maximizing the
(ergodic) achievable rate (AR) for the system. As a result of
using (4), the BV and LC designs as well as all receiver pro-
cessing use only a few neighboring significant ICI coefficients.
(See Fig. 1.) As BVs and LCs are separately designed for each
OFDM symbol, we consider an arbitrary OFDM symbol and
drop the OFDM symbol indices for brevity. Using [19], the
AR for this system can be shown to be

R = EH

(

N−1
∑

k=0

log (1 + γk)

N + Nh − 1

)

, (8)

where the signal to interference-plus-noise ratio (SINR) for
the kth sub-carrier (after LLC) is given by

γk =
zH

k Hk,kxkxH
k HH

k,kzk

zH
k

(

∑

k′∈{K̄k∪K+

k
}

Hk,k′xk′xH
k′H

H
k,k′ + Σwk

)

zk

.(9)

In (9), the setK̄k = {0, 1, · · · , N − 1} \ {Kk ∪ {k}} is the
set of non-neighboring sub-carriers whose ICI is neglected
during the receiver processing for thekth sub-carrier. In the
next section, we present the LC and BV designs.



III. C OMBINER AND BEAMFORMING VECTORDESIGNS

An LC design for a given set of BVs is presented in Sec. III-
A, a BV design is presented in Sec. III-B, and a joint LC/BV
design is presented in Sec. III-C.

A. Local Combiner Design

Here, we design LCs{zk}
N−1
k=0 to (approximately) maxi-

mize the AR given a set of BVs{xk}
N−1
k=0 . In this regard,

notice that LCzk does not affect{γl}l 6=k. Then maximizing
the AR w.r.t. LC zk reduces to maximizingγk. However,
realize that, in (9), the ICI from neighboring sub-carriers
(k′ ∈ K+

k ) will dominate the ICI from non-neighboring sub-
carriers (k′ ∈ K̄k). Also, recall thatΣwk

= σ2I. Thus, the
SINR γk can be approximated as

γk =
zH

k Hk,kxkxH
k HH

k,kzk

zH
k

(

∑

k′∈K+

k

Hk,k′xk′xH
k′H

H
k,k′ + σ2I

)

zk

. (10)

It is well known thatγk in (10) is maximized by the choice

zk = αk

„

X

k′∈K
+

k

Hk,k′xk′x
H
k′H

H
k,k′ + σ

2
I

«−1

Hk,kxk, (11)

where w.l.o.g., we chooseαk to ensure||zk|| = 1. We use
(11) to design all LCs in this paper.

B. Max-SNR Beamforming for DS Channels

Traditional BV designs for MIMO-OFDM over time invari-
ant channels maximize sub-carrier SNRs. A similar max-SNR
BV design is possible for MIMO-OFDM over DS channels,
too. However, the DS channel spreads the energy of each sub-
carrier into neighboring sub-carriers. Taking this spreading
into account, the max-SNR BV can be written as the principal
eigenvector of the matrixHH

k,kHk,k, i.e.

xk = ν∗(H
H
k,kHk,k). (12)

The solution in (12) is called the max-SNR-DS BV design.
The designed BVxk maximizes the energy fromsk in φk.
However, in doing so, the max-SNR-DS BVs potentially in-
crease the ICI caused to neighboring sub-carriers (i.e., energy
from sk in {φl}l 6=k). Therefore, performance can be improved
if ICI suppression can be incorporated into the BV design
process. In Sec. III-C, we propose one such solution.

C. Approximate Max-AR Beamforming and Combining

In this section, BVs and LCs are jointly designed to (ap-
proximately) maximize the AR. First, we consider the design
of BVs given a set of LCs{zk}

N−1
k=0 . Realize that each BVxk

affects several{γl}l 6=k and directly computingxk to maximize
the AR in (8) is difficult. Instead, we intuit properties of AR-
optimal BVs and use these to construct an alternative cost
function that is optimized to calculate the BVs. In this regard,

notice thatφk in (7) has a “signal” componentφs

k and an “ICI
plus noise” componentφi

k given by

φs

k = zH
k Hk,kxksk, (13)

φi

k = zH
k

(

∑

k′∈K+

k

Hk,k′xk′sk′ + wk

)

. (14)

Then γk = E(|φs

k|
2)/ E(|φi

k|
2), where the expectations are

taken over the joint source-noise distribution. Observe that BV
xk appears inφs

k and in {φi

l}l∈K−

k
. Now, realize that, in the

low SNR regime, additive noise overshadows uncanceled ICI
in (10). Hence, (10) can be approximated as

γk ≈
xH

k HH
k,kzkzH

k Hk,kxk

σ2||zk||2
. (15)

Thenxk only affectsγk. Thus, an AR-optimal BVxk should
maximizeE(|φs

k|
2). On the other hand, uncanceled ICI out-

weighs noise at high SNR. In this case, an AR-optimal BV
xk should maximizeE(|φs

k|
2) and minimize each element of

{E(|φi

l|
2)}

l∈K−

k
simultaneously.

These intuitions suggest that a “good” BV should maximize
Es(k) and minimizeEni(k) simultaneously, where

Es(k) = E
(

|zH
k Hk,kxksk|

2
)

, (16)

Eni(k) = E

(

∣

∣

∣

∑

k′∈K−

k

zH
k′Hk′,kxksk + zH

k nk

∣

∣

∣

2
)

. (17)

This prompts us to define the cost functionΓb(k) =
Es(k)/Eni(k). Recalling that||zk|| = 1 = ||xk|| from Sec. II
and Sec. III-A, the cost function can be simplified to

Γb(k) =
xH

k HH
k,kzkzH

k Hk,kxk

xH
k

(

∑

k′∈K−

k

HH
k′,kzk′zH

k′Hk′,k + σ2INt

)

xk

. (18)

Given a set of LCs{zk}
N−1
k=0 , theΓb(k)-optimal BV is

xk = βk

(

∑

k′∈K−

k

HH
k′,kzk′zH

k′Hk′,k + σ2INt

)−1

HH
k,kzk, (19)

whereβk can be chosenw.l.o.g. to ensure||xk|| = 1.
Combining the LC design from Sec. III-A and the BV

design above, we propose an iterative approximate max-AR
(AMAR) algorithm as follows. The algorithm is initialized by
choosing a set of BVs{x(0)

k }N−1
k=0 For our experiments, we

found that the max-SNR-DS initialization

x
(0)
k = ν∗(H

H
k,kHk,k) (20)

leads to good results. Each iterationni ∈ {1, . . . , Ni} consists
of two stages. First, LCs{z(ni)

k }N−1
k=0 are computed using

BVs {x
(ni−1)
k }N−1

k=0 via (11). Next, BVs {x
(ni)
k }N−1

k=0 are
recalculated using the new LCs{z(ni)

k }N−1
k=0 via (19). The

system then uses{z(Ni)
k }N−1

k=0 and {x
(Ni)
k }N−1

k=0 as the BVs
and LCs, respectively.

It is easy to see that the LC design complexity is
O
(

(2Dh + 1)3N3
r NNi

)

per MCM symbol, whereas the BV



design complexity isO
(

N3
t N
)

per MCM symbol, for a
(Nt, Nr, N) MIMO-OFDM system. Thus, the complexity of
the AMAR algorithm has the same scalingw.r.t. the number
of sub-carriersN , the number of transmit antennasNt and
the number of receive antennasNr as traditional max-SNR
designs for MIMO-OFDM over time-invariant channels [11]–
[13].

IV. N UMERICAL RESULTS AND DISCUSSION

In this section, we present numerical experiments that verify
the utility of our designs. Specifically, we measure, using
(8), the AR of a MIMO-OFDM system that employs our
designs. Tests are performed on a(Nt, 2, 128) MIMO-OFDM
system. Transmission is over channels withNh = 16 chip
delay spreads and uniform power profiles, and each data point
is an average of measurements for103 channel realizations.
In all our experiments, we compare our schemes,i.e., the
max-SNR-DS BVs from Sec. III-B and LCs from Sec. III-
A (labeled asMSNR-DS) and the joint AMAR BVs and
LCs from Sec. III-C (labeled asAMAR), to two benchmarks.
First, we compare our designs with ICI-ignoring max-SNR
beamforming and combining (labeled asMSNR), intended
for time-invariant channels, from [11]–[13]. Second, we also
compare our designs with an upper bound (labeled asUB).
The upper bound corresponds to performance on a system
using max-SNR-DS BVs, where the receiver, aided by a genie,
cancels all ICI perfectly. Thus, such a receiver harnesses all
available Doppler diversity while completely avoiding theill
effects of ICI.

Fig. 2 shows a plot of achievable rate versus sub-carrier
SNR for (a)Nt = 4, (b) Nt = 6 and (c)Nt = 8 transmit
antennas, respectively, and a (chip normalized single-sided)
maximum Doppler spread offdTc = 0.008, so thatDh = 1.
The results show that both of our designs are significantly su-
perior to ICI-ignoring max-SNR designs. The iterative AMAR
design provides additional rate gains over the max-SNR-DS
design at the expense of slightly higher design complexity.
Further, our designs perform close to the UB at low and
moderate SNRs. On the other hand, neglecting strong ICI
components creates a significantly lower performance ceiling
for the ICI ignoring max-SNR schemes. When the SNR is
high, the gap between the UB and the performance of both our
proposed schemes grows due to uncanceled out-of-band ICI.
However, out-of-band ICI produces pronounced performance
degradation at very high SNRs that may be beyond the normal
operating SNR range of most practical systems. Finally, we
observe that performance can be enhanced by increasing the
number of transmit antennas. This is expected as more transmit
antennas provide more freedom to the BV designs in choosing
directions rich in signal energy and low in interference energy.

Next, we study the effect of Doppler spread (i.e., mobility)
on our system. First, realize that when there is no Doppler
spread (Dh = 0), our designs reduce to a max-SNR design
and hence, perform optimally. A plot of achievable rate versus
sub-carrier SNR can be found in Fig. 3 forNt = 4 transmit

antennas and a maximum Doppler spread of (a)fdTc = 0.008
(Dh = 1), and (b)fdTc = 0.016 (Dh = 2), respectively. These
could correspond to, for instance, a channel with bandwidth
of 1.5MHz, carrier frequency of60GHz, delay spread of10.8
µs, and mobile and reflector velocities of (a)69 km/hr and (b)
138 km/hr, respectively, in a “triple Doppler” scenario [20].

The assumption of transmit CSI may be unrealistic for a
rapidly varying channel. However, approximate transmit CSI
can be attained in systems operating in a time division duplex
(TDD) mode via prediction from channel measurements made
during the previous TDD epoch. To test this idea, we assume
that, when in reception mode, the node has near-perfect CSI
(via, e.g., pilot aided or decision directed estimation). The
node then predicts the channel for the next OFDM symbol
duration, when it operates as a transmitter. A MMSE channel
predictor that exploits the correlation structure arisingfrom
the the WSSUS Rayleigh fading is used. In Fig. 3, traces
labeled MSNR-DS-P and AMAR-P refer to versions of
the max-SNR-DS BV design and the joint AMAR design,
respectively, that use predicted transmitter CSI. The general
trends are similar to that of Fig. 2. In addition, we observe
that, whereas our schemes adapt well to channels with large
Doppler spreads, the max-SNR design loses significantly. This
behavior results from the fact that the max-SNR scheme
completely neglects ICI. Furthermore, we see that, even in
a highly mobile environment with large Doppler spreading,
the predicted-CSI case achieves rates only slightly less than
the perfect-CSI case. This establishes the robustness of our
designs to imperfect transmitter CSI.

V. CONCLUSION

In this paper, we presented BV and LC designs for MIMO-
OFDM appropriate for high mobility scenarios. Three novel
designs: a SNR maximizing BV design, an AR maximizing LC
design, and a joint AMAR design, were discussed. Numerical
experiments suggest that our designs provide large gain over
traditional designs, and remain robust to large Doppler spreads
and predicted transmitter CSI, in spite of having the same
complexity orders as traditional designs. Thus, they provide
attractive alternatives to traditional ICI-ignoring beamform-
ers/combiners for MIMO-OFDM systems.
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Fig. 1. Approximate structure of MIMO-FDCM. Rectangle (in dotted lines)
indicates the channel coefficients used for processing/design of BVs for the
kth sub-carrier.
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