ECE-894a Adaptive Filtering Autumn 2005
Homework #5 Oct. 26, 2005

HOMEWORK SOLUTIONS #5

1. (a) From Wiener theory, we know
w, = R 'p for
— Blumu!(n)} = B{dn)d" (n)}
p = Efu(n)d'(n)} = E{d(n)d"(n)}

and so
7;(01) T((l)) oo (M =1)
po | 7O o0
r (M —1) r(0)
p = (r(1) @) ... r(M)"

where (k) = E{d(n)d*(n — k)}. We also know

2

Oc

= o;—p"R'p = r(0)-p”"R7'p.

}min

(b) From the Yule-Walker equations for an AR-P model,

r(0)  r(1) ... r(P-1)\ [a (1) o)\ " /1
r*(1) 7(0) as r*(2) r*(1) al
_ . . = and o, = .
r*(P—1) .. r(0) ap r*(P) r*(P) ap
so augmenting the coefficient vector with M — P zeros (since P < M),
. . H (1
r(0) r(l) ... r(M-1) ai r*(1) r*(0)
(1) r(0) - r(2) (1) a
— = and o2 = :
: . : ap : : ap
(M —1) e r(0) 0 r*(M) (M) 0
The last two equations can be rewritten using @ = [ay,...,ap]’ and the quantities R and p

defined earlier.

This implies that

and that
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(¢) For an AR-P process {d(n)} generated from white noise {v(n)}, we can say that D(z) =
Y ondn)z™™ and V(z) =3, v(n)z~™ are related by

D(z) (I+alz ' 4a3z2 4 F+apz D) V(2)

(1+2714%(2) 'V (2)

where A*(z) = a} + a3271 + -+ + apz~F*L. The forward linear prediction error {e(n)} can

be written in terms of E(z) =Y e(n)z~", which in turn can be expressed as

E(z) = (1-2z"'W*z))D(2)

for W*(2) = wi +wiz~t + -+ +wh, ;27 MT1 Thus the transfer function from V(z) to E(z)

1S

E(2) 1—2z71W*(2)

V(z) 1+ 271A%(2)

For M > P, we found that the Wiener solution yields W, (z) = —A(z), in which case

E(z)  1—z"'W.(2) 1+z2'A%z2) .
V(z) 14+ 271A(z) 14+2714%(2)

Thus, since {v(n)} is white, the Wiener error must be white. When M < P, however, we
know that W(z) does not have enough parameters to equate the numerator and denominator
of £2) and so {e(n)} will be a filtered version of {v(n)} and thus will not be white.

V(z)’
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(e) After 5 million iterations, Matlab code returned simulated Jemse = 0.00148 and theoretical
Jemse = 0.00145.

2. (a) From the block diagram,

e(n) = (hH(n)a:(n) + z(n)) —wt (n)x(n)
= (h(n) — w(n))"@(n) + 2(n)
E{le(n)]*|w(n),h(n)} = (h(n)— w(n))HRx (h(n) —w(n)) + 02  since @(n),z(n) uncorrelatéd)

z

Vet Ellem)Plom) hm)} = 2R, (h(n) - w(n)
= 0
< wi(n) = h(n) for full rank R,. (2)
Jmin = 02 after plugging (2) into (1).

(c) We could use the Cholesky decomposition:
Q=A"A
where A is an upper triangular matrix, since
q(n) = A"v(n) = E{qn)g"(n)} = A" B (n)}A=A"A=Q
Or we could use the eigenvalue decomposition
Q =UAU" =UA?AV2UH

where U is unitary, A is diagonal with positive elements, and AY? s diagonal with non-zero
elements equal to the square-roots of the corresponding elements in A. In this case,

g(n) = UAu(n) = E{g(n)q" (n)} = UN'?Eu(m)v" (n)}A*U" = Q

The Cholesky approach can be implemented more efficiently since A has many zeros.
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Figure 1: LMS: parameter trajectories.

u= uum=0.034015

10 T T

e
— J(n)
)
AL LA

Phi AT R T
|

4
“

oK

-10

o) (8]

-20

-30 ‘

-40
0

0 500 1000 1500 2000 2500
iteration

Il L Il Il
500 1000 1500 2000 2500

TR
Vil

!

\

I

.Lumw’

it

J(n) [dB]

WH“\

Figure 2: LMS: MSE trajectory.

(d) Matlab returns pop; = 0.0340 and J(n) — 0.1097 = -9.60 dB.
(e) See Fig. 1 and Fig. 2.

(f) Using 50000 samples, we obtain Fig. 3. Note that the EMSE values for y = 0.1 are far from
theoretical; recall that at various points in our EMSE derivation we assumed that p is very
small, which is not true in this case. The other values are very close to theoretical.
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Figure 3: LMS: excess-MSE versus stepsize.
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