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Freq-Selective Stream Demod [Ch. 12]:

Linear binary stream modulation (i = [m1,m2, . . . ,mKb
]):

xi(t) =
Kb∑
k=1

a(mk)u
(
t − (k − 1)T

)
x̃i(t) = xi(t) ∗ hz(t), ũ(t) = u(t) ∗ hz(t)

Î = arg max
i

Re

∫ Tp+Th

0

Yz(t)x̃
∗
i (t)dt − Ẽi

2

= arg max
i

Re
Kb∑
k=1

a∗(mk)

×
∫ Tp+Th

0

Yz(t)ũ
∗
(
t − (k − 1)T

)
dt︸ ︷︷ ︸

sufficient statistics Q̃(k)

−Ẽi

2
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Wz(t)

Xz(t)
Yz(t)

hz(t) ũ∗(Tu − t)
Q̃(t)

Q̃(k)

Tu + (k−1)T
+

Q̃(k) =
Kb∑
l=1

D(l)
z Vũ

(
(k − l)T

)
+ Ñ (k)

Vector model:

[G]k,l = E−1
b Vũ

(
(k − l)T

)
, Vũ(kT )

∣∣
|k|>

⌈
Tu+Th

T

⌉ = 0

Q̃ = EbGD + Ñ

Ẽi = Eb dH
i Gdi

Î = arg max
i

Re dH
i Q̃ − Eb

2
dH

i Gdi︸ ︷︷ ︸
Ti
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Ungerboeck MLWD:

First stage:

I(1) I(2) I(3) I(Nu+1) I(Nu+2) I(Kb)

m1 n1 n
(−)
1

n(1)

I = . . . . . .

Ti = Re dH
i Q̃ − Eb

2 dH
i Gdi

=

++

+++

+Ti =

= T
(1+)
m1,n1 + T

(1−)

n(1)
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T
(1+)
m1,n1 are called “forward metrics.”

Main Idea:

For each n1 ∈ {0, . . . , 2Nu − 1}, choose the best m1.

Î(1)
n1

= arg max
m1

T (1+)
m1,n1

“conditional decision”

T̃ (1)
n1

= max
m1

T (1+)
m1,n1

“conditional metric”

Decide among the n1 later. . .
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Second stage:

I(1) I(2) I(3) I(Nu+1) I(Nu+2) I(Kb)

m2 n2 n
(−)
2

n(2)

ñ1

I = . . .. . .

Note that

Ti = T
(1+)
m1,n1 + T

(1−)

n(1)

+= T
(1+)
m1,n1+

= T
(1+)
m1,n1 + T

(2)
m2,n2 + T

(2−)

n(2)

using the same decoupling idea as before.
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Rewrite the metrics:

arg max
i

Ti = arg max
m1,m2,n(2)

T (1+)
m1,n1

+ T (2)
m2,n2

+ T
(2−)

n(2)

= arg max
m2,n(2)

T̃ (1)
n1

+ T (2)
m2,n2

+ T
(2−)

n(2)

= arg max
m2,n(2)

T̃
(1)
m2,ñ1

+ T (2)
m2,n2︸ ︷︷ ︸

T (2+)
m2,n2

+T
(2−)

n(2)

So, for each n2 ∈ {0, . . . , 2Nu − 1}, choose the best m2

Î(2)
n2

= arg max
m2

T (2+)
m2,n2

, T̃ (2)
n2

= max
m2

T (2+)
m2,n2

and discard non-surviving paths: Î
(2)

n2
=

[
Î

(1)

Î
(2)
n2 ,ñ1

Î
(2)
n2

]
.
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kth stage, (for 2 ≤ k ≤ Kb − Nu):

Can rewrite the metrics as

arg max
i

Ti = arg max
mk,n(k)

T̃
(k−1)
mk,ñk−1

+ T (k)
mk,nk︸ ︷︷ ︸

T (k+)
mk,nk

+T
(k−)

n(k)

Two essential steps:

1. For each of the 2Nu+1 possible values of {mk, nk},
compute the branch metric T

(k)
mk,nk and add it to the

corresponding partial survivor metric T̃
(k−1)
mk,ñk−1

.

2. Keep the 2Nu surviving paths:

Î(k)
nk

= arg max
mk

T (k+)
mk,nk

, Î
(k)

nk
=

[
Î

(k−1)

Î
(k)
nk

,ñk−1
Î(k)
nk

]
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In summary, the kth Ungerboeck recursion looks like

T̃
(k−1)
nk−1 T

(k+)
mk,nk

T̃
(k)
nk

Î
(k−1)

nk−1 Î
(k−1)

mk,ñk−1

Î
(k)

nk
q(k)

Forward

Step

Survivor

Selection

Step

Termination:

• After the k = (Kb−Nu)th stage, grow {T̃ (k)
nk } into the

surviving cumulative metrics using [q(k+1), . . . , q(Kb)].

• Choose the largest of these 2Nu cumulative metrics.

Overall complexity of MLWD: O(KbNu2Nu+1).
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Example of Ungerboeck MLWD:

• BPSK, Kb = 4, u(t) =
√

1
T

1[0,T ](t)

• hz(t) =
√

2δ(t) +
√

2ej π
3 δ(t − T ), Eũ = 1

• G =




1 0.5ej π
3 0 0

0.5e−j π
3 1 0.5ej π

3 0

0 0.5e−j π
3 1 0.5ej π

3

0 0 0.5e−j π
3 1




• q̃ = [1.5 + j0.5, 0.3 + j0.7, 1.2 + j0.1, − 0.9 + j0.1]

• Nu = 1 ⇒ 2Nu = 2 ⇒ nk ∈ {0, 1}
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Time 1:

T (1+)
m1,n1

= Re
[
d(1)∗

m1
q̃(1)

]−Eũ

2

[|d(1)
m1

|2+d(1)∗
m1

q1,2d
(2)
n1

+d(2)∗
n1

q2,1d
(1)
m1

]

T
(1+)
0,0 = 0.75,

T
(1+)
1,0 = −1.75,

T
(1+)
0,1 = 1.25,

T
(1+)
1,1 = −2.25,

T̃
(1)
0 = 0.75, Î

(1)
0 = 0

T̃
(1)
1 = 1.25, Î

(1)
1 = 0

0.75

1.25

-1.75

-2.25
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Time 2: (note: n1 = m2)

T (2)
m2,n2

= Re
[
d(2)∗

m2
q̃(2)

]−Eũ

2

[|d(2)
m2

|2+d(3)
n2

d(2)∗
m2

q2,3+d(2)
m2

d(3)∗
n2

q3,2

]

T
(2)
0,0 = −0.45, T

(2+)
0,0 = T

(2)
0,0 + T̃

(1)
0 = 0.3

T
(2)
1,0 = −0.55, T

(2+)
1,0 = T

(2)
1,0 + T̃

(1)
1 = 0.7

T
(2)
0,1 = 0.05, T

(2+)
0,1 = T

(2)
0,1 + T̃

(1)
0 = 0.8

T
(2)
1,1 = −1.05, T

(2+)
1,1 = T

(2)
1,1 + T̃

(1)
1 = 0.2

T̃
(2)
0 = 0.7, Î

(2)

0 = [0, 1]

T̃
(2)
1 = 0.8, Î

(2)

1 = [0, 0]

0.75

1.25

-1.75

-2.25

0.3

0.8

0.7

0.2
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Time 3: (note: n2 = m3)

T (3)
m3,n3

= Re
[
d(3)∗

m3
q̃(3)

]−Eũ

2

[|d(3)
m3

|2+d(4)
n3

d(3)∗
m3

q3,4+d(3)
m3

d(4)∗
n3

q4,3

]

T
(3)
0,0 = 0.45, T

(3+)
0,0 = T

(3)
0,0 + T̃

(2)
0 = 1.15

T
(3)
1,0 = −1.45, T

(3+)
1,0 = T

(3)
1,0 + T̃

(2)
1 = −0.65

T
(3)
0,1 = 0.95, T

(3+)
0,1 = T

(3)
0,1 + T̃

(2)
0 = 1.65

T
(3)
1,1 = −1.95, T

(3+)
1,1 = T

(3)
1,1 + T̃

(2)
1 = −1.15

T̃
(3)
0 = 1.15, Î

(3)

0 = [0, 1, 0]

T̃
(3)
1 = 1.65, Î

(3)

1 = [0, 1, 0]

0.75

1.25

-1.75

-2.25

0.3

0.8

0.7

0.2

-0.65

-1.15
1.15

1.65
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Time 4: (termination)

T (4)
m4

= Re
[
d(4)∗

m4
q̃(4)

] − Eũ

2

[|d(4)
m4

|2]

T
(4)
0 = −1.4, T[0100] = T

(4)
0 + T̃

(3)
0 = −0.25

T
(4)
1 = 0.4, T[0101] = T

(4)
1 + T̃

(3)
1 = 2.05

⇒ Î = [0, 1, 0, 1]

0.75

1.25

-1.75

-2.25

0.3

0.8

0.7

0.2

-0.65

-1.15
1.15

1.65

-0.25

2.05
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