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Error Analysis using the Trellis [Ch. 14]:
Main points:

e We've seen how the union bound approximates the
word error probability of MLWD.

e Now we will see how the trellis structure can be used to
tighten the union bound via “simple error events.”

Recall MLWD:
1 = argmax7; for T; :Re\/Ebéf{Q_ %HézHQ

— argmaxﬂ for TZ é —HQ_ VEbdin

The error event {I = i|I = j} implies that {Ty; > Ty}
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A tightened union bound:
e Wesay {I =il = j} is a simple error event of length
L at time k when the edges obey
Vs ek, . k+L-1}2M
V=35 1¢ M

5
st = s

k=2L=3 k=1L=6

Examples: w %/

e When {I = i|] = j} consists of several simple error

events, we say that it is a compound error event.

Example: %/
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Idea: Remove compound error events from the union bound!

e Consider the compound error event {I = i|I = j}
defined by the edge-error index sets M; and M., each
of which defines a simple error event. (M; N My =)

e This event yields decoupled conditional-ML metrics:

Ty = Y 1QV-VEA '+ Q" - VED [

leMy leMo
l D12 . .
+ Z ’Q()—\/Ebd§)| given [ = j.
lEM1UM
My Mo nMaUM1
Ly + 1y + 1
no o My pMa | P MaUML
Ly = Loy + 157 + 15
3
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o Tiﬁf‘?w‘/‘l — T]./l\;lQUMl due to common symbols, so that
{Tiy; > Ty}
My Mo M1 Mo
© ATy + Ty > Tyt + Ty
S My My S Mo ApMa
& ATy > '} and/or {T5% > Tj;
~M1 ~M]_ ~M2 ~M2
& ATyt > Ty oDy > Tp?)
e Note that, in the PWE expression, the compound event
is already represented by these two simple events:
250 1 25 1
Pr(l#jlL=j)=Pr| |J (T > Ty} | < D Pr(Ty; > Tyy)
iH£j i#]
1=0 1=0

P
old union bound

So remove the compound event from the union bound!
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In summary, a tighter union bound can be obtained by

removing all compound error events.

2Ky 1

Pr(L#1) = ) Pr(L#jlL=j)Pr(l=])

Ky
Pr(l #jlL=3) < Y Y Pr(Ty;>Ty)
k=1 ek
J
gk A indices of words forming simple errors
J with I = j starting at time k.
In example on right, there is only one com- K, =4

pound error event for j = 0. Bound tight- %/
ening will be more significant for larger K.
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To help enumerate the simple error events, a modified trellis
can be used. There, an absorbing state is added to each
trellis stage to facilitate completion of simple error events.

The modified trellis for I = 5 = 0 is:
(Need a different trellis for each j.)

Recalling that Pr(T; > Tj;) = %erfc( %ﬁj)), we see
that the modified trellis also helps in computing Ag(i, 7) for

each simple error event {I = i|I = j}. Specifically, we have
- 5 (1) 12
Ap(ing) =By Y | —d)|
leM(ig)

where M(i, j) contains the time indices of the error path.
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Large Frame Error Analysis:

e Error analysis that requires enumeration of all paths
through a modified trellis is feasible only for small K.
So how is error analysis accomplished for large K7

e Ignore start/finish of trellis (i.e., 1 < k < N¢). Then,
Ag(i,j) fori € ng) (and any fixed j) is insensitive to
k, so consider an arbitrary k. This gives the bound:

Pr(l #1|IL=j) < Ky ) %erf0< %)
ieQlM
These simple errors ng) starting at a single k are called

first error events.

e We will develop techniques to evaluate this bound.
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Two approaches to quantify %erfe( Afﬁ()’”) for i € ng)
are given below. Both use AV (i, j) 2 Eb\c?§l) - Cz§l)’23
1. Chernoff bound:

%erfc( —Af&j)> < %exp(—_%jv(j’j))
L(i,5)
1 —A(k+l_1)(i,j)
= 3 H exp(—E4No )
=1

2. Craig's form (exact):

borto(2H) = L [ e (R )ar

1 u L(i,5) CAGHI )
- ;/ H exp( 4]\?0(3082(7'; )dT
0 =1
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We choose Craig's form and thus obtain the union bound

el £ 01= ) < Ky Y fete(y/22)

ieQl
K T AGH Y (i)
- 7/ Z H eXP( 4Noc052(7') >dT
Q(k) =1
Kb Ak+H=1)
- 7/ Z[ HGXp( 4Noc032(g') )>]d7_
L=2 eQ(k)

where ng)(L) denotes the set of simple error events
(relative to I = j) of length L starting at time k.

Next we evaluate the term in brackets for fixed values of L.

9
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First consider simple errors of length L = 2. There,
(k+l 1)(2 )
Z Hexp( 4N cos?(T) )
ieQ{®(2) =1
—AG (i.5) —A8Y ()
= Z eXp<4NO€os2(7')> eXp( 4Nfcosz(7') >
QL)
N
- Z ex *Aa(ﬁk),z a§k>7g§k+1>) o —A, (Z J(1~c+2> J(k+1) §k+2))
- P 4N, cos?(T) P 4N cos2(7)
is #(’““) ~ 7N ~ 4
= (k) (k+1)
o=t [Sevs ()], [Shes (M),

= ﬁéﬁ?ﬂ( )SEZJ;U(T) using length-(Ns—1) row vectors.

k k+1 k+2

Example of length-2 simple §gb: “sood—bad”,

§b'

g

errors for a 4-state trellis: "
bad—good"”.

(good — bad — good)

10
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Next consider simple errors of length L = 3.
. k k+1  k+2  k+3
Example of length-3 simple )

errors for a 4-state trellis:

(good—bad—bad—good)

We use transition matrix Sék]ﬂ)

among the “bad” states. For the example above,
exp( et ) e (st ) eo(Reky)
(k+1) —As(3,1,2,3 —As(3,2,2,3 —As(3,4,2,3
Sb,j (7-) - eXp( 4N, (cosz(’r))> eXp< 4N, (COSQ(T))> eXp( 4N, (COSQ(T))>

(i) ew(Ft) eo(FE)

(7) to describe transitions

3
_AEFED (G k k+1 k42
> Mew(imns) = S, st m sk o)

11
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Next consider simle errors of length L = 4.
k k+1 k+2 k+3 k44

Example of length-4 simple
errors for a 4-state trellis:

In this case
- —AGHY ()
Z H exp( 4]\?0 cos2(T) )
k k+1 k42 k+3
ﬁéb),j(T) Sl(),j )(T) Sl(),j )(T) §l(>g,j )(T)T
It should now be easy to see what happens for larger L.

This is inconvenient because the expression depends on the
true path index, 7, and the time of the first error event, k!

We can get around this problem using “product states”. ..

12
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Consider the product state QE? 2 (agk), 05“).

e A sequence of product states measures the deviation

between paths ¢ and j.

e There are N, “good” product states, {(is,is)}; ., and
N2 — N, “bad” ones, {(is,Js) : Js # is}gszl.

e A length-L first error event will
1. diverge from a good product state at time k,
2. transition among the bad product states,

3. get absorbed by a good product state at time k + L.

13
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Product-state diagram for the HCV code:

14
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To describe product-state transitions, we construct matrices

Sgp(7) € RNs¥(NEN:) good—bad
Sp(1) € RNeN)X(NENs) - had—bad
Spg(T) € RINVEN)xNs bad—good

with elements of the form: exp<_i}f\f(i2g§£’§;ls)>, Note the

lack of dependance on time k! These lead to

[fggb<T)E;L_2<T)£;bg(T)}ksﬂs
A+

- Z Z H eXp< 4NO cos2(t )J))

Q(k /H-L) ZEQ(k)( )

Note the contribution from several true paths j Q,f ]:jL).

15
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We will now average the conditional union bound over j:
Pr(I+#I|I = j)

ST [exo( 202 ar

L= 216Q(k)(L)l 1

For any time k, can reason that 0](- ) is uniformly distributed
with probability NL Furthermore, there are 2% equally likely

length-L true paths emanating from J . Thus,

Pr(L#1)

Ky, [2 : (
< Be [7 3 WZZ Z Z Hexp( kaZLOS;)((T)J)>dT

™ Jo
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Continuing with the averaged union bound. ..

Pr(I #I)

<

5 z o z S [Sw(SE Sl

ks=11s=1
e / Z s 15 Sab(1)SL () Sug(r) Ly, dr
Kb % . o0 1 L—2
4Ns7r/0 1n. Sgb(T) Lz::z (ESb(T)) Spg(T)1y, dT

K, [? 1 -
4Ns7r/0 1T S (T) (INSQ—NS - §Sb(7)) Sbg(T)1y, dT

Can evaluate this integral numerically.
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