EE-806 Detection and Estimation Theory Spring 2004
Homework #3 Due Apr. 28, 2004

HOMEWORK SOLUTIONS #3

1. Titanic experiment. My code generated the values

| Yn Pp
empirical | 1.091 0.795
theoretical | 1.046 0.831

assuming the following NP rule for Pr < 0.3.

0 |y|<yn.

The strategy I used was the following. With the assuming that the likelihood test can be equiva-
lently stated as

Liy)=n < |yl >yy

I created a vector of thresholds ¥, and estimated Pr and Pp for each element in y,, as

# data points in column 1 with absolute value greater than y,,

200
# data points in column 2 with absolute value greater than y,

200

Pp =Pr{|y| > yy|Ho} ~

Pp = Pr{ly| > y,|H1} ~

then I plotted the resulting vectors Pp versus Pr. From this plot, y,, was selected as the threshold
closest to Pp = o = 0.3.
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2. Poor 2.20:

The likelihood ratio is given by
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which shows the structure indicated.
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Manipulating this function for the special case where pg = 0, 1 = p > 0 and 0% = 07 = 03,
L(y) = e%(zzzl Yk _%)

Since log(+) is a monotone increasing function, an LRT of the form L(y)%n can be manipulated
into an equivalent LRT of the form

n
dou 2
k=1
with y, = % + 5. Though our rule may appear to be independent of o, we cannot say for

sure until we derive an expression for y, in terms of false alarm rate . Noting that y; are i.i.d.
~ N(0,0?) under hypothesis Hy, their n-fold sum has distribution A(0,no?). Thus

Pr = a = Pr[>_yx> yy|H
k=1
Yn
= 1-9
(%)
= y, = Vnod '(1-a)

Since the decision rule is clearly a function of o, a UMP test does not exist.

The GLRT is formed by maximizing p;(y) with respect to o?. A necessary condition for the

maximizer is the property %pi (y) = 0. Doing this under H; and Ho we get

It can be shown that p;(y) is convex in 02, and thus the zero-derivative condition is both necessary
and sufficient. (Alternatively, you could compute the second derivative and verify that it is negative
at this zero-derivative point, implying a maximum.) If we substitute these ML variance estimates
into the likelihood ratio, the resulting GLRT “likelihood ratio” is,

n 2 -1 n n
La(y) = (Zﬁzl(yr#)Q) °’ _ > k=1 Yi :
- = )%6_% St (ke — )2

Dh—1 Vi

The GLRT then has the form Lg (g)%n for appropriately chosen threshold 7.
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3. Poor 3.3

(a) From Exercise 16 of Chapter II, the optimum test has critical regions:

FkZ{QERn Pk

W)=, s )}

0<I<M-1

Since py(y) is the N(s;, 0°I) density, this reduces to

ro={ye e |ly-sl? = g -t} = {ye

(b) Using P; to denote probability of detection, the equal priors assumption yields

M—-1
Po=1-Py=1-— Y P(Ts)
k=0
where
Pe(Ty)=Pr{sfy>sly, sty>siy,.... sty >siy1y | Hi}
Denoting t; = s? y, and recalling that x + N under Hy, we find

OlslP0?)  i£k
p(ti|H,
) ~ { NlsI Isl20?) i = k

and that T; are independent (under Hy) due to the orthogonality of {s,}. Then

P.(Ty) = Pr{tp >to, tx > t1,..., tx > ty—1 | Hi}

/Pr{tho, x>ty,..., x>ty—1 | Hy}pr (z)dz

/ HPr {z >t; | Hx} | pr, (z)dz
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4. Poor 3.9:

(a) Consider Hy,

p(lo=1) ~ N(4s™M, 1)
p1(yl0 =0) ~ N(AQ(O), I
1 1
p(y) = 52?1@9 =1)+ oP (yl6 =0)

Note that (as in problem 3.7) the pdf of Y|H; is a Gaussian mizture density, which is the
sum of two Gaussian pdf’s. Note that adding densities is very different from adding random

variables (i.e., convolving densities)! We first form the likelihood ratio

p(y|Hy)

J p(y|Hy, 0)w(0|Hy)do

sp(ylH1, 0 =1) +

3p(y[H1,0 = —1)

Ly = Sy

= [ p(y[Ho, O)w(6]Hy)d6

1 1

p(y|Ho)

and since [sV]|? =1

1 1 T
- - O — A2|1s®2
+ 5 CXP (2 {2A§ y— A5 })

(% exp(—A2/2)> < {exp [AsVTy| +exp [4sOTy |

(b) If A > 0 is unknown, we have a composite test. We form the locally optimal likelihood ratio

function,

d

ﬂLA()

oo = n (3ot a) oo [0 e 0]}

- _4 (eXp(—A2/2)) % {exp [AS nT } + exp [As(o }}—l—

<%exp(—A2/2)> % {§(1)Tgexp [A§<1>Tg} +§(0)Tgexp [A§<0>TQH

1
— T (§<1> +§<o>)

Thus the locally optimal test has the form

if T (1) (0)
5(y) = {1 if y7 (sM+350) > g

0 < 7

since the density of Y is continuous, implying no need for randomization.

A=0

(¢) For A= known constant, we next determine the receiver operating characteristics for the

receiver above. We consider the statistics of the test statistic under both hypotheses,

T(y)

T(y)|Ho
— T(Y)|Ho
E{T(Y)|Ho}

Var{T(Y)|Ho}

— T()[Ho
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It is straightforward to determine the threshold for Pr = «a,

R[] = 1—@(%) —a

— = V20Tl(1-0)
Given this threshold, we next determine the probability of detection. We begin by considering
the conditional statistics of T(Y)|H,© = 6:
T(Y)|H,0 =0 = (N AL - 0)s© + Ads 1>) (s +5@)

= (<1+s )+ A(L-0) + A0
i)
- TE)|H,0=0 ~ N(A?)
Therefore,
pylo=1) = pi(yld =0)
- m = N(42)

Since the statistics of T'(Y') are Gaussian and independent of ©, the detection probability is

Pp = PT)=1-a (%)

1—@(@*(1—@—%)

5. Poor 3.11:
Here we aim to calculate

1 1
P, = §P0(F1)+§P1(Fo) = Py(I'y),

where the latter equality follows from the symmetry of the problem. From the form of the LRT
(IT1.B.81), we know that

Py(l'y) = Pr{v?2 > Y5+ Y | Hob
B //Rz Pr{Ych + Y3 >y +yd | Ho}py.o, .ol Ho (Ye0, Ys0)da,
where, for j € {1,2},
Yej = Doneq @jkyk cos|(k — 1w Ts]
Ysj = Doy @iryksin[(k — Dw:Ts)

The statistics of Y; and Ys] must be investigated further. Observe that, using the identity
1

sin(a) cos(b) = 1sin(a + b) + 3 sin(a — b) and assumption that the “double frequency sine term”

equals zero for any 0, as stated previous to (IT11.B.82),
Yej|Hj 0 = Z ajk cos|(k — Dw:Ts] (a; sin[(k — 1)weTs + 0] + ny)
= Zaﬂf( sin[2(k — 1)wTs + 0] + = sm ) Zajknk cos[(k — Dw.Ts])
= 3 Z a?k sin(f) + Z ajkny cos[(k — 1)weTs])
k k
E(Yej | Hj,0) = " sin(0)
var{Ye; | H;, 0} = 40
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where in the last statement we have used the assumption that the “double frequency term” (i.e.,
the rightmost term in (II1.B.67)) equals zero. The same procedure applied to ys; yields

1 .
ysj|H;, 0 = 3 Za?k cos(9) + Z ajkny sin[(k — 1)weTs])
k k
E{Y,; | H;,0} = ™2 cos(6)
V&I’{YSJ‘ | Hj,@} = nTazU2

Observing that y.;|H;,0 ~ N, the statistical characterization of these variables is completed by

cov{Y;,Ys; | H;,0} = E {Zajknk cos[(k — 1w.Ts] Zajml sin[(l — 1)wcTs]}
i 1

- % > a2 sinf2(k — DwTs] = 0
k
where again we use the “double frequency term” assumption. To conclude,
{ch} H. 0 ~ N <@ [sin(ﬁ)] na? 2])
Y 7 2 |cos(0)|” 2
Repeating essentially the same steps, but incorporating the orthogonality between {a1x} and {a;x},

we find that
Yej
Y

Note that the preceding pdfs are conditioned on both H; and 6, while we are interested in pdfs

Hl,j,G ~ N(O ﬂ0'2I>

conditioned only on H;. Because [?ﬂ |H;—;, 0 has no 6 dependence, we conclude that

ch . ﬂ 2
[YSJ HZJN./\/<O O'I)

Y .
For [Y”_ } ’ H;, however, we must average over 0:
sj

1

27
DY, Yo, | H; Yejs Ysj) = %/0 Dy, o Hy 0 Yess Ysi10)dO

We now can use these pdfs for performance evaluation. Repeating the argument in (II1.B.72), we
find that

Pr{Y3 + Y3 >« | Ho}

_ Y1ty
// e 2% dycdys
y01+y > moza2
27

= / re “"2‘12 drdiy

Tnosa?

= exp|———=
noya?
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Then, with the substitution z = y2, + y2,

2 + 2 1 27
//2 exp< yia ay20> {g/ pycj,ysj\Hj,e(ycwysj|9)d9] dycodyso
R 2

yco yso
= Y. H. s Ysi|0)dycodyso | dO
271' 0 //RZ exp< no2a? )pY”’YS”H”’G(y] yesl0)dyeo yo]

1 [ 1 0 — 292 6in )2 4 (ys0 — 222 cos 0)2
= — // exp <— yco +ﬁs()) — exp | — (yeo 2 ) 9 0 2 ) dycodyso | df
27 f, i R2 nooa? T™oaa2 nooa?

1 (|1 < ) /‘/‘ (yco _ na sin )2 + (yso — nZ_? cos 0)?
= — —ex ex dycod df
2 0 2 p 802 R2 7rn02a2/2 p n02a2/2 Yc0AYs0

Pe

_ Llep(-n?
- 2P T2
where the second to last equality follows from completion of the square.

6. Poor 3.12:
Transmission of DPSK using a modulated sinusoidal carrier in a white Gaussian noise environment
can be modelled using the same setup as Problem 3.11 under the special case that

“ N bx, k=1.%5
send “zero” : agx =
bp-n k=5+1.n
b k=1.2
send “one” : aip = k 2
—bp_n kZ%—l—l...n

Here, {by,k = 1...5} is the pulse shape applied to each transmission, whereas the receiver uses
two subsequent pulse-intervals to make a decision. Note that {ag} is orthogonal to {alk} a key
assumption in problem 3.11, and the energy used to transmit a single bit is F}, = —b2 —a0 = Za%
From 3.11 we know that the detector has the form

choose “zero” : ri <73
choose “one” : ri >l
and acheives error probability
2
na 1 Ey
P, = —exp|——-2] = —exp|-—
¢ 2 P < 802 2 P\ T2
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