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CRLB Example

Setup: Coin tossed at times k = 1, . . . , n with heads-probability θ:

Pr[Yk = 1] = θ & Pr[Yk = 0] = (1 − θ).

Goal: Find MVUE and CRLB for estimation of θ ∈ Λ = [0, 1].

For Yq defined as the set of q-head sequences,

Prθ{y ∈ Yq} =


θq(1 − θ)n−q 0 ≤ q ≤ n

0 else.

Thus

pθ(y) =


θ

P
k

yk(1 − θ)(n−
P

k
yk) yk ∈ {0, 1}

0 else.

= (1 − θ)n

(
θ

1 − θ

)P
k

yk ∏
k

I{0,1}(yk)

= (1 − θ)n︸ ︷︷ ︸
C(θ)

exp

{
log

(
θ

1 − θ

)
︸ ︷︷ ︸

Q(θ)

∑
k

yk︸ ︷︷ ︸
T (y)

}∏
k

I{0,1}(yk)︸ ︷︷ ︸
h(y)

Since we have an exponential family and Λ contains a rectangle,

T (Y ) is complete sufficient statistic for θ.
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Note that

E{T (Y )} =
n∑

k=1

E{Yk} = nθ

Thus 1
nT (y) is an unbiased estimate of θ using T (y).

⇒ θ̂(y) =
1

n
T (y) is MVUE for θ.

Furthermore

Varθ(θ̂(Y )) = Var

(
1

n

∑
k Yk

)
=

1

n2
Var(

∑
k Yk)

=
1

n2

∑
k

Var(Yk) since i.i.d.

=
1

n
Var(Yk)

=
1

n

(
E{Y 2

k }− E2{Yk}
)

=
1

n
(θ − θ2)
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Now find CRLB...

pθ(y) = C(θ) exp[Q(θ)T (y)]h(y)

log pθ(y) = log C(θ) + Q(θ)T (y) + log h(y)

= n log(1 − θ) + [log(θ) − log(1 − θ)]T (y) + log h(y)

∂

∂θ
log pθ(y) =

∂

∂θ
[T (Y ) log θ + (n − T (Y )) log(1 − θ))]

=
T (y)

θ
−

n − T (y)

1 − θ

∂2

∂θ2
log pθ(y) = −

T (y)

θ2
−

n − T (y)

(1 − θ)2

Then

Iθ = −E

[
∂2

∂θ2
log pθ(Y )

]

=
E[T (y)]

θ2
+

n − E[T (y)]

(1 − θ)2

=
nθ

θ2
+

n − nθ

(1 − θ)2

=
n

θ(1 − θ)

The CRLB says that, for any unbiased estimator θ̂(Y ),

Varθ

(
θ̂(Y )

)
≥

1

Iθ
=

θ(1 − θ)

n

Note that the MVUE achieves the CRLB.

Could we have predicted this?
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