ECE-700 Digital Signal Processing Winter 2007
Homework #7 Feb. 28, 2007

HOMEWORK SOLUTIONS #7

1. Since {¢r.m(t),k € Z,m € Z} is an orthonormal basis for Lo, we can write

f(t) = de[m]wk,m(t)
k.m

dilm] = (), f) = /jo B (01 (0)dt

for any f(t) € L2. The Haar wavelet is shown below at level k and shift m.
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(a) When f(t) = ¢(t), the coefficient expression reduces to

dm] = /O Vhom (£)dlt

e When k£ < 0, we find that fol Ym(t)dt = 0 for all shifts m since either ¢y, (t) is zero
inside of the region of integration or ¥y ,,, (t) has equal positive and negative contributions

to the integral.
e When k£ =1, we have
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Thus 91, (t) = 0 under the integral unless m = 0, in which case fol Y10(t)dt = =
e When k£ = 2, we have
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Thus 91 (t) = 0 under the integral unless m = 0, in which case fol Yo o(t)dt = 1.

e Seeing a pattern emerge:

~26[m] k>1
0 k<0

(b) S | Wk (), FEN 2 = 02y S [2750[m]? = Y 27F = 1
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(c) This part follows the same reasoning as part (a), but uses the waveform f(t) = ¢(t +27¢) for
i1 €{1,2,3,...}, illustrated below.

In this case
1-27°
dk [m] = / ”L/)k7m(t)dt.
92—
The main questions are: When is 1y, ,, () non-zero within the region of integration? If 1)y, ., ()
overlaps the region of integration, does it integrate to zero?

e =1
k m di[m) £(t) Y_1,m(t) Yo.m (t)
<1 Z 0
=0 {-1,0p  #0 T / T i
>0 Z\{-1,0} 0 git l z"mu\mfl l Fu\mj—l
o j=2:
k m d [m] £t P—2,m (1)
<2 7 0
-1 {*171} 7£ 0
1 Z\{-1,1} 0 iI:J,,—”‘ %L
>0 {-1,00  #0 1 % ' N
e =3
k m d[m] £(t) $—3,m(t)
<3 Z 0
-2 Z\{_173} 0 J:1
—1 {-1,1} #0 8
-1 Z\{-1,1} 0
>0 {_170} 7é 0
o i =4:
k m d [m] £t Y—a,m (1)
<1 Z 0
-2 {-1,7} #0
—2  Z\{-L,7} 0
2 {-1,3}  #0
-2 7Z\{-1,3} 0
-1 Z\{-1,1} 0
>0 Z\{-10} 0

Noticing a pattern, we claim

me{-1,27F—1} ke{0,-1,-2,..,—i+1}

dilm] # 0 when {me{l,O} k>0
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2. (a) We determined in class that, for {¢(t —n),n € Z} to be an orthonormal set, we need (for the

real-valued case)

Zh hin — 2m).

Evaluating the previous equation at m = 0,

= 3 hlnlP

(b) Using the scaling equation and the orthonormal property,

m), ¢(t))

(¢) Using the scaling equation,

n

= 2) h[n](8(2t —m), $(2t — n))
= 2) hn] /_Oo B2t — m)p(2t — n)dt

= ZZh[n] /:’0 o(t —m)o(r — n)dg
= ) h[nlén—

= hlm]

/Oo B(t)e Mt

/ th B2t —n)e M dt
th —h"/ (2t —n)e 92ty

Var(e %) [ ¢<T>e*jffd§

V2V2 <¢(2t —m), Y h[n](2t — n)>

3. (a) Here we leverage the result of problem 2(c).

L —it\e(2

EH(G )‘I’(g)

Y hln] = lim h[n)e™9%
= )
= 1m (Q)
- \/1 2(2)
= V2

where we have assumed that ®(0) is non-zero and that ®(£2) is continuous at the origin.

(b) Realizing that h[2n] are the even samples of h[m| and that h[2n + 1] are the odd samples,
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S hl2n] =Y hR2n+1] = > h[m](-

H(2)|

z=—1



We know from part (a) that

and we know that
H)H((z Y4+ H(-2)H(—2"") = 2 Va.

Evaluating the previous expression at z=1,

2 = H(1)?+H(-1)?
= 24 H(-1)?
= 0 = H(-1

= ) h2n] =) hi2n+1]

n
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